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Abstract
The phase diagram of strong interaction matter is expected to exhibit a rich structure. Different
models have shown, that crystalline phases with a spatially varying chiral condensate can occur
in the regime of low temperatures and moderate densities, where they replace the first-order
phase transition found for spatially constant order parameters.
We investigate this inhomogeneous phase, where in addition to the chiral symmetry, transla-
tional and rotational symmetry are broken as well, in a two flavor Nambu–Jona-Lasinio model.
The main goal of this work is to describe the Goldstone bosons in this phase, massless excitations
that occur for spontaneously broken symmetries.
We take one of the simplest possible modulations, the chiral density wave, and show how to
derive the quark propagator of the theory analytically, by means of transformations in chiral and
momentum space. We apply this to a test case for the gap equation.
We show the derivation of Nambu-Goldstone modes in the inhomogeneous phase and find,
that for our case only three different modes have to be taken into account. We proceed to
calculate the Goldstone boson related to the breaking of spatial symmetry, which can be related
to the neutral pion. By evaluating a Bethe-Salpeter equation, we can show, that we have indeed
found a Goldstone boson and give its dispersion relation in terms of momenta perpendicular, as
well as parallel to the mass modulation.
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Zusammenfassung
Im Phasendiagramm stark wechselwirkender Materie wird eine reiche Struktur erwartet. Ver-
schiedene Modelle haben gezeigt, dass kristalline Phasen mit einem räumlich veränderlichen
chiralen Kondensat bei niedriger Temperatur und mittleren Dichten auftreten können und dort
den Phasenübergang erster Ordnung überlagern, der für räumlich konstante Ordnungsparame-
ter erwartet wird.
Wir untersuchen diese inhomogene Phase, in der zusätzlich zur chiralen Symmetrie auch
Translations- und Rotationssymmetrie gebrochen sind, in einem Zwei-Flavor-Nambu–Jona-
Lasinio Modell. Das Hauptziel dieser Arbeit ist die Beschreibung der Goldstone Bosonen, mas-
selose Anregungen, die bei spontan gebrochenen Symmetrien auftreten.
Wir arbeiten mit einer der einfachsten möglichen Modulationen, der chiralen Dichtewelle,
und zeigen wie man den Quarkpropagator der Theorie analytisch herleitet. Wir wenden dies
auf den Testfall der Gapgleichung an.
Wir diskutieren die Herleitung der Nambu-Goldstone Moden der inhomogenen Phase und
erhalten, dass für unseren Fall nur drei verschiedene Moden zu betrachten sind. Weiterhin be-
rechnen wir das Goldstone Boson, das mit dem Brechen der räumlichen Symmetrie zusammen-
hängt, welches mit dem neutralen Pion in Verbindung gebracht werden kann. Mit Hilfe einer
Bethe-Salpeter Gleichung zeigen wir, dass wir tatsächlich ein Goldstone Boson gefunden ha-
ben und berechnen dessen Dispersionsrelation in Abhängigkeit von Impulsen, senkrecht sowie
longitudinal zur Massenmodulation.
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1 Introduction
Since the advent of Quantum Chromodynamics (QCD) [1, 2], the standard model of particle
physics has been tried and tested and found to be the most reliable framework available to
describe subatomic particles. The discovery of the Higgs boson [3, 4, 5, 6] provides the last
cornerstone for an already successful theory. The standard model is capable of describing all
known microscopic degrees of freedom and encapsulates three of the four fundamental forces,
namely the electromagnetic force, the weak nuclear force and the strong force. Only gravity
resists to be integrated into this framework, but since its effects are only relevant at very large
scales, it has a negligible effect on the quantum nature of the universe.
The strong interaction is the force with the largest magnitude in the standard model. It is
described in an elegant way in Quantum Chromodynamics, which is an SU(3) gauge theory
with quarks and gluons as fundamental degrees of freedom. The theory has three color charges,
red, green and blue, and anti-colors respectively. The coupling of QCD has a strong dependence
on the energy scale, as can be seen in Figure 1.1. This exhibits some of the hallmark features
of QCD. At large energies or short distances the coupling is small and quarks can be treated
as free particles. This phenomenon is the asymptotic freedom [7, 8], a discovery which was
awarded the Nobel prize in 2004. At low energies or large distances the coupling is very strong,
which makes the theory inaccessible to perturbative methods, that worked reliably in quantum
electrodynamics. One of the most important and probably least understood features of QCD is
confinement. In the vacuum only colorless objects can be observed, despite large experimental
efforts [9].
This means quarks and gluons can only appear in bound states, the most common are three
quarks of different colors forming baryons and a quark and an antiquark forming a meson.
More exotic combinations are theoretically possible and there are a number of candidates for
bound states of four quarks (tetraquarks, two quarks and two antiquarks) [10, 11] and even five
quarks (pentaquarks, four quarks and one antiquark) are believed to have been observed [12].
Another possible state would be the so called glueballs [13, 14], which is a theorized colorless
object containing entirely gluons.
Another important feature of QCD is the dynamical chiral symmetry breaking. The Lagrangian
of the theory for the light quarks, up and down, approximately fulfills chiral symmetry, but
in the vacuum this approximate symmetry is dynamically broken, giving rise to a large chiral
condensate. If the symmetry was exact, we would find massless Goldstone bosons, in accordance
with the Goldstone theorem [15], which would be massless pions. The fact that pions are very
light compared to all other bound states of QCD is a testament for the validity of the approximate
symmetry and its spontaneous breakdown. This mechanism generates an effective quark mass,
the so called constituent quark mass.
The low energy regime is of particular interest when investigating the phase structure of
strong interaction matter. An exemplary plot of the phase diagram is given in Figure 1.2. In
its simplest form the phase diagram describes a transition between the phase where quarks and
gluons are confined and chiral symmetry is dynamically broken and a phase where the quarks
and gluons can appear freely and the chiral symmetry is (approximately) restored, the so called
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Figure 1.1.: The running coupling of QCD, taken from the particle data group [16].
quark-gluon plasma (QGP). At high temperatures and low densities first principle calculations
predict a crossover transition, while for low temperatures and high densities some models show
a first-order transition. This claim however can not yet be backed up by first principle calcu-
lations or experiments, but should the first-order transition exist it would necessitate a critical
end point, after which the crossover occurs. At low temperatures and high densities more exotic
phases are expected, like color-superconducting phases.
With the current technology, experimentally as well as theoretically, only the regime of low
densities is accessible.
On the theory side lattice gauge theory is a powerful method to solve QCD from first principles,
by applying Monte-Carlo methods to the QCD partition function and solving the full theory [17].
The computational effort is enormous and the calculations get more involved with smaller quark
masses, which is why only in recent years the computing capacities are available to calculate at
realistic quark masses [18]. The introduction of chemical potentials, which would be needed
to access the low temperature, high density regime, turns out to be rather difficult. This well
known Fermion sign problem [19] states, that the introduction of a finite chemical potential
gives rise to a complex part in the Fermion determinant. Since the Fermion determinant is used
as probability weight, the method breaks down. There are several efforts to circumvent this
problem. Purely imaginary chemical potentials [20, 21] can be used and the hope is, to get
a better understanding from these to the real phase structure. Some progress has been made
by applying a Taylor expansion in µ/T to the theory [22, 23, 24], but this is of course limited
to small ratios. In recent years other methods are being developed, like the complex Langevin
[25, 26] method, but while they look promising, no reliable results have been obtained, yet.
On the experimental side large particle colliders are the tool of choice. Especially the Large
Hadron Collider (LHC) at CERN in Geneva and the Relativistic Heavy Ion Collider (RHIC) at
the Brookhaven National Laboratory in Long Island have delivered outstanding results and have
driven our understanding of strong interaction matter considerably. Due to the high energies
they are designed to work with, they can only access the high temperature, low density regime,
according to the thermal model [27, 28]. Only future facilities, like the Facility for Antiproton
and Ion Research (FAIR) in Darmstadt and the Nuclotron-based Ion Collider fAcility (NICA) in
Dubna hold the promise to operate at lower energies and might come into the region of the
expected first-order phase transition.
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Figure 1.2.: Sketch of the phase diagram of strong interaction matter [38]
So in order to explore the regime of high densities, only model calculations and effective
theories are available. These either share only certain symmetries and degrees of freedom
with QCD or start from the full theory, but introduce approximations, which are believed to be
reasonable, but cannot be controlled from a first principle standpoint.
One promising ansatz are Dyson-Schwinger equations [29, 30, 31], which start from the full
theory and expand it in terms of functional derivatives of the source fields. This method is
exact, but in practice any Dyson-Schwinger equation depends on higher functional derivatives,
which yields an infinite stack of equations. To perform calculations one has to truncate the
equation system at some point, which makes for an uncontrolled approximation, because the
effect of higher-order equations can in principle be quite large. Another method to tackle QCD
is via Functional Renormalization Group methods [32], where one starts from a classical ac-
tion and integrates out momentum shells, to arrive at the full quantum action of the theory.
Some progress on vacuum calculations has been made utilizing this method [33, 34], but again,
truncations are needed to obtain results.
Model calculations circumvent some of these problems, but instead mirror only select aspects
of QCD. Especially a proper introduction of confinement is difficult in models without gluons
and color degrees of freedom. A model that yields good results in the low energy sector is for
example the Quark Meson model (QM model), where the forces between quarks are transmitted
via the exchange of mesons. In recent years the description of real-time quantities, like spectral
functions and transport coefficients, were obtained in a functional renormalization framework
with promising results [35, 36, 37].
The model we want to focus on in this thesis is the Nambu–Jona-Lasinio (NJL) model [39, 40],
which shares the (approximate) chiral symmetry with QCD. It was conceived before the devel-
opment of QCD as a hadronic model exhibiting an energy gap, similar to super conductors, but
has since been repurposed. Since it is one of the simplest model mirroring the chiral symme-
try of QCD it has been used for investigating strong interaction for decades, see for example
[41, 42]. In its original form it uses only scalar and pseudo-scalar interactions, but it can be
extended with other interaction terms to describe for example vector mesons [43, 44] or color
superconductivity [45, 46].
Here we want to use the model to investigate the occurrence of an inhomogeneous phase, a
phase where the order parameter, the chiral condensate, varies periodically in space, resembling
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a crystal. This behavior is well known in the context of (color-) superconductors and pion con-
densates. The concept of an inhomogeneous ground state was first brought up by Overhauser in
the context of density waves in nuclear matter [47] and later for super conductors by Fulde and
Ferell [48] and Larkin and Ovchinnikov for sinusoidal modulations [49]. In lower dimensional
models, such as the 1+1 dimensional Gross-Neveu model [50] and the NJL2 model analyti-
cal solutions have been found, showing it to be the true ground state [51]. Those solutions
were brought to the 3+1 dimensional NJL model some years ago [52] and have been heavily
investigated since, see [53] for a review.
These studies show, that the first-order phase transition from the homogeneous model is com-
pletely covered by the inhomogeneous phase and the critical point is replaced by a Lifschitz
point [54], when considering a standard NJL model. The occurrence of an inhomogeneous
phase is quite stable against different model extensions. The inclusion of vector interactions
[55, 56] and the extension to isospin asymmetric matter [57] show a robust inhomogeneous
phase for a reasonable range of parameters. There have also been advances to include spatially
modulated condensates in more sophisticated models, like the Quark-Meson model [58] and
Dyson-Schwinger equations [59], where the inhomogeneous phase appears as well.
Most modern studies of inhomogeneous strong interaction matter use only one-dimensional
modulations, for a work on two-dimensional order parameters see [60], since higher dimen-
sional modulations increase the computational cost tremendously. From condensed matter
physics it is known however, that one-dimensional crystals are unstable against thermal fluc-
tuations, a property known as Landau-Peierls instability [61]. The thermal fluctuations are not
taken into account in most works, which explains the apparent stability of one-dimensional
modulations. The few exceptions [62, 63] work in a Ginzburg-Landau approach, which is only
valid close to the homogeneous critical point, where a loss of the long-range order was found.
This loss is due to the occurrence of phonons, quasiparticles related to the spontaneous breaking
of rotational and translational symmetries and act as a massless Goldstone mode. In condensed
matter physics, phonons are associated with vibrations of crystal layers.
In order to better understand the properties of the inhomogeneous phase and the influence of
thermal fluctuations at lower temperatures, studies in the full model are needed. In this work
we want to investigate the Goldstone modes appearing through the breaking of rotational and
translational symmetry in the inhomogeneous phase and the occurrence of mesons, such as the
sigma meson and the pion.
Structure of this thesis
After this introductional chapter we proceed to give a more in depth overview of Quantum Chro-
modynamics in Chapter 2, before we introduce our model and give an overview over relevant
derivations and results that are of importance to our work in Chapter 3. In Chapter 4 we will
develop a formalism to derive propagators analytically in the inhomogeneous phase for a certain
modulation of the mass function. Afterwards we give a description of the relevant Goldstone
modes directly from the symmetries of the model in Chapter 5. We will show how to derive a
Bethe-Salpeter equation to describe mesonic degrees of freedom in Chapter 6, where we will
go thoroughly through the calculations needed to describe sigma meson and uncharged pion,
which doubles as a Goldstone mode. We will conclude this thesis by summarizing our findings
and give an outlook for further interesting research in Chapter 7.
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2 Quantum Chromodynamics
In this chapter we review some of the important properties of QCD and its symmetries.
2.1 QCD Basics
Quantum Chromodynamics is the fundamental quantum field theory of strong interactions. It
describes quarks, which each have six different flavors, spin, electric and color charge. The force
is transmitted by eight gluons, which carry spin and color. QCD is a non-abelian SU(3) gauge
theory, obeying locality, local gauge symmetry, renormalizability and Poincaré invariance. This
leads to the QCD Lagrangian
LQCD =ψ
 
iγµDµ − mˆ

ψ− 1
4
F aµνF
µν
a . (2.1)
In the first part, the Dirac part,ψ andψ=ψ†γ0 describe the quark fields, which are spinors with
four Dirac, N f = 6 flavor and Nc = 3 color components. mˆ is a diagonal N f × N f -dimensional
matrix of the bare masses generated by the Higgs mechanism and the covariant derivative is
given by
Dµ = ∂µ + i gA
a
µ
λa
2
, (2.2)
with the strong coupling constant g, the gluon field Aaµ and the Gell-Mann matrices λa, describ-
ing the a-th generator of SU(3). The second part of Equation 2.1 contains the field strength
tensor
F aµν = ∂µA
a
ν − ∂νAaµ − g f abcAbµAcν, (2.3)
with the totally anti-symmetric structure constant f abc defined by
i f abcλc = [λa,λb]. (2.4)
It describes the kinetics of the gluons and the gluon self interaction. These self interactions are
an important feature of QCD that is in contrast to QED, where photons can not interact with
each other, and is responsible for the non-abelian nature of the theory.
The masses of the differently flavored quarks are distinct, from the two lightest flavors, up
and down quarks with only a few MeV, ranging up to 173 GeV for the top quark [16].
As already indicated in the last chapter, the QCD coupling constant is energy dependent, see
Figure 1.1, where αS relates to g via the relation g
2 = 4piαS. This leads to asymptotic freedom,
the effect that quarks behave as free particles at very high energies or very short distances. At
low energies however, this leads to the need of a non-perturbative treatment of the theory.
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2.2 Symmetries in QCD
The Lagrangian exhibits certain symmetries. It is invariant under local SUC(3) gauge transfor-
mations
ψ(x)→ U(x)ψ(x), (2.5)
Fµν→ U(x)FµνU†(x), (2.6)
Aµ→ U(x)

Aµ(x)− ig ∂µ

U†(x), (2.7)
with the transformation matrix
U(x) = exp
§
i
2
αa(x)λa
ª
, (2.8)
where αa(x) is a real valued rotation angle.
Of particular interest for us is the chiral symmetry, which is only an approximate symmetry.
We regard the two flavor case, where only up and down quarks contribute to the Lagrangian.
Since their masses are much lower than the masses of the other quark flavors, we can reasonably
focus on only these two. If we take the two masses to be equal, the QCD Lagrangian is invariant
under the transformations
ψ→ exp {−iαaτa}ψ, ψ→ exp {iαaτa}ψ, (2.9)
with a real angle αa and the Pauli matrices τa in isospin space. This is an SUV (2) symmetry,
which is called isospin symmetry. If we furthermore demand the quark masses to be zero, the
so called chiral limit, we find the additional symmetry
ψ→ exp {−iαaγ5τa}ψ, ψ→ exp {−iαaγ5τa}ψ. (2.10)
This is an axial symmetry, SUA(2) 1. Combined those two symmetries can be written as
SUV (2)⊗ SUA(2)' SUR(2)⊗ SUL(2), (2.11)
the chiral symmetry. In the QCD vacuum, the chiral symmetry is spontaneously broken, to
the SUV (2), by a finite chiral condensate 〈ψψ〉 which acts as an order parameter. According
to the Goldstone theorem [64, 15], a spontaneously broken continuous symmetry leads to the
appearance of a massless mode, which in case of QCD in the chiral limit, are the pions.
Chiral symmetry is only an approximate symmetry, hence the finite pion mass. But since the
up and down quark masses are much smaller than the characteristic scale of QCD, mu,d  ΛQCD,
it is a reasonable approximation, which is further supported by the fact, that the pions are very
light compared to all other hadrons.
At high temperatures or high densities the chiral symmetry is (approximately) restored and
the chiral condensate is small.
In addition the QCD Lagrangian is invariant under a global UV (1) transformation
ψ→ exp {−iα}ψ, α ∈ R, (2.12)
which corresponds to conservation of baryon number.
We will see the same chiral symmetry in our model in the next chapter, which allows us to
make qualitative predictions of what might occur in the full QCD.
1 Strictly speaking this is not a group, since it is not closed. The combination with the SUV (2)
however constitutes a group.
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3 The Nambu–Jona-Lasinio Model
The calculations in this work are done in the Nambu–Jona-Lasinio model [39, 40]. In this
chapter we go over some of the known properties of the model.
We will start by giving a general overview of the features of the model, independent of any
assumptions we make in later sections.
We will continue by deriving the homogeneous solutions for the constituent quark mass and
introduce mesons into the model. Since the expressions for the inhomogeneous mesons get
quite complicated, but behave similar in lots of ways, this will give a more understandable
outline for the procedure in the next chapters.
Afterwards, we will introduce inhomogeneous condensates and review some of the features of
the inhomogeneous phase. We will discuss this via the formalism introduced in previous works,
were the diagonalization of the Hamiltonian is a key aspect, for a more comprehensive review
see [65].
We will conclude by a discussion of different regularization techniques and the choice of
parameters in this work.
3.1 The Lagrangian of the Model and its Features
We start from the Lagrangian of the NJL model for two flavors
LNJ L =ψ
 
i /∂ −mψ+ GS hψψ2 + ψiγ5τaψ2i , (3.1)
where ψ and ψ describe the quark fields, m = diag(mu,md) is the diagonal matrix of the bare
quark masses for up and down quarks and GS is the coupling constant for both interaction parts.
The interaction is a four-point interaction with a scalar Γσ = 1 and three pseudo-scalar channels
Γ api = iγ5τ
a. In the course of this thesis we will mostly consider diagonal contributions in flavor
space, so it is useful to define Γpi := Γ 3pi = iγ5τ
3.
This Lagrangian shares symmetries with the QCD Lagrangian, namely the approximate chiral
symmetry. In the same limits, equal bare quark masses for SUV (2) and vanishing bare quark
masses for SUA(2), we obtain the chiral symmetry SUL(2) ⊗ SUR(2) as we did in the previous
chapter. Furthermore it exhibits the UV (1) symmetry of QCD.
Due to the four-point interaction and the resulting dimensionful coupling constant, the model
is not renormalizable. We have to apply a regularization scheme to treat the occurring di-
vergences in the integrals. The parameters of this regularization will be fitted to vacuum
observables, but they will still influence the results of the model. We will discuss different
regularization schemes in a later section.
Nonetheless the NJL model is a valuable tool, since it is a relatively simple model sharing chiral
symmetry with QCD and can give qualitative insights into the theory of strong interactions.
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3.2 Homogeneous NJL Model
In the homogeneous phase we assume that all observables are space-time independent. We will
discuss this in the context of the gap equation, which will give us a self-consistent result for
the constituent quark mass. Afterwards we will introduce the formalism to include two-body
excitations in the model and give results for the sigma-meson and pion masses.
3.2.1 Gap Equation
In this formalism we deal with the theory in terms of propagators. The propagator from the free
theory is given in the standard way
iS0(p) = i
/p+m
p2 −m2 + iε (3.2)
and can be found in any text book on quantum field theory.
To include the interactions of the NJL Lagrangian, we derive dressed values from the Dyson
equation in Hartree approximation
, (3.3)
where thin lines represent the bare propagators, Equation (3.2), and thick lines represent
dressed propagators
= iS(p) = i
/p+M
p2 −M2 + iε , (3.4)
where M represents the constituent quark mass, the effective mass of a quark. As we will see
later, this mass corresponds to the chiral condensate 〈ψψ〉 and will serve as an order parameter
for chiral symmetry breaking. In accordance with the Feynman rules for fermions we have to
integrate and trace over the loop in Equation (3.3).
This way of deriving the constituent quark mass is referred to as the Hartree (-Fock) equation 1
or the gap equation and is equivalent to the mean-field approximation, which we will emphasize
in the next section.
The diagrammatic equation (3.3) can be written as
iS(p) = iS0(p) + iS0(p)(−iΣ)iS(p), (3.5)
1 Although in the literature this is often described as the Hartree-Fock approximation, in the
form presented here the Fock term, an additional exchange term, is omitted. This can be
done, because this term only gives an offset to the coupling constant, which we can get rid
off by a redefinition of the coupling constant.
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with the self-energy
−iΣ= . (3.6)
Multiplying Equation (3.5) with S−1(p) = /p − M from the right and S−10 (p) = /p −m from the
left yields after some rearranging
iS−1(p) = iS−10 (p)− iΣ, (3.7)
which inserting the explicit expression gives the conditional equation for M
M = m+Σ, (3.8)
where we should note, that Σ is in itself dependent on M .
The self-energy can be determined by evaluating the loop
−iΣ= −i∑
N
ΣN =
∑
N
2iGNΓN
∫
d4k
(2pi)4
(−Tr [ΓN iS(k)]) (3.9)
⇒ Σ=∑
N
2GNΓN
∫
d4k
(2pi)4
Tr [ΓN iS(k)] . (3.10)
We have to sum over all possible interactions, which in our case, after neglecting non-diagonal
flavor contributions, are just the two Γσ and Γpi. In explicit form this reads
Σ= 2GS

i1
∫
d4k
(2pi)4
Tr [1S(k)]− iγ5τ3
∫
d4k
(2pi)4
Tr

γ5τ
3S(k)

, (3.11)
where we note that the second trace vanishes, due to the trace over a single Pauli matrix.
We can calculate the first trace
2iGS
∫
d4k
(2pi)4
Tr [1S(k)] = 2iGS
∫
d4k
(2pi)4
Tr

/k+M
k2 −M2 + iε

(3.12)
= 8N f NcGS i
∫
d4k
(2pi)4
M
k2 −M2 + iε . (3.13)
To solve this integral for finite temperatures T and finite chemical potentials µ, we introduce
the Matsubara formalism, also known as the imaginary time formalism. This method uses
the similarities between the expectation value of an operator in a quantum statistical thermal
ensemble
〈O〉= Tr (O exp(−βH))
Tr(exp(−βH)) , β =
1
T
(3.14)
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and the quantum field theory expectation value at imaginary time τ = i t, see for example
[66] for more details. For our practical calculations, this leads to a transformation of the four-
momentum integral of the form
i
∫
d4k
(2pi)4
f (k0,~k)→−T
∞∑
m=−∞
∫
d3k
(2pi)3
f (iωm +µ,~k), (3.15)
with fermionic Matsubara frequencies
iωm = (2m+ 1)piiT, m ∈ Z. (3.16)
In the self-energy this reads
Σ= −8N f NcGST
∑
m
∫
d3k
(2pi)3
M
(iωm +µ)2 − ~k2 −M2
(3.17)
= −8N f NcGST
∑
m
∫
d3k
(2pi)3
M
(iωm +µ)2 − E2k
, (3.18)
where in the second step we defined the homogeneous energy eigenvalues
Ek =
Æ
~k2 +M2. (3.19)
We can perform the Matsubara sum analytically, see Appendix B.1, and find
Σ= 8N f NcGSM
∫
d3k
(2pi)3

1
2Ek
− 1
2Ek
[nF(Ek −µ) + nF(Ek +µ)]

, (3.20)
with Fermi distributions for quarks and antiquarks
nF(z) =
h
1+ exp
 z
T
i−1
. (3.21)
The first summand in this integral is divergent and we have to apply a regularization scheme,
which we will discuss later in this chapter.
Overall we arrive at the gap equation for M
M = m− 8N f NcGSM
∫
d3k
(2pi)3

1
2Ek
− 1
2Ek
[nF(Ek −µ) + nF(Ek +µ)]

. (3.22)
The integrals have to be solved numerically. This equation can have more than one solution.
To determine the energetically preferred one we have to solve for the grand potential, the
derivation of which we will not do here, but discuss for the inhomogeneous ansatz in the next
section in greater detail and also give the homogeneous limit there.
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Figure 3.1.: Homogeneous results for the constituent quark mass, as a function ofµ for vanishing
temperature (left) and as a function of T for vanishing chemical potential (right).
Results
With the formalism largely in place, we will discuss the homogeneous results for the constituent
quark mass here.
We apply the regularization scheme described in Section 3.4 and should note here that all
calculations are done in the chiral limit (m= 0).
In Figure 3.1 we have plotted the resulting constituent quark masses obtained from Equation
(3.22). Again in the region where there is more than one solution, the energetically preferred
one has been chosen. On the left, where the temperature is vanishing, we show M as a function
of chemical potential, we see the constituent quark mass stays constant below a chemical po-
tential equal to the constituent mass in the vacuum (µ < Mv ac). This property is known as the
Silverblaze property [67], which states that the mass cannot change until the energy density is
non-zero. Beyond this point in chemical potential, the mass decreases before it drops to zero at
µcri t. = 312 MeV. This is the chiral restoration phase transition, since, as already discussed, M
acts as an order parameter. Here it is a clear first-order transition, indicated by the discontinuity
in the order parameter. Since we operate in the chiral limit, after the phase transition M is
exactly zero.
If we consider vanishing chemical potential instead and look at the constituent mass along the
temperature axis as shown on the right side of Figure 3.1, we see, that this sharp transition is
not visible here. Instead we find a much smoother decrease in M until it reaches 0 at a critical
temperature Tcri t. = 166 MeV. The transition is continuous, but not continuous differentiable,
with respect to the first derivative in T , which indicates a second-order phase transition. This is
again a feature of the chiral limit, were we to include a finite bare quark mass, we would find
a crossover instead of a phase transition. The first-order transition at low temperatures would
persist.
We can combine the results into an overview of the phase structure, as shown in the phase
diagram in Figure 3.2. Here the dashed line indicates a phase transition of second order, while
the solid line indicates a first-order phase transition. The tricritical point is marked by the red
dot and it is located at TCEP = 75 MeV and µCEP = 267 MeV.
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Figure 3.2.: Phase diagram of the homogeneous NJL model, depicted as function of µ and T .
The solid line indicates a first order phase transition and the dashed line indicates a
second order phase transition. The dot marks the tricritical point.
3.2.2 Bethe-Salpeter Equation and Mesons
In the NJL model one can explain mesons as collective excitations, despite the lack of confine-
ment. To do this we use the Bethe-Salpeter equation (BSE) [68], which allows the description of
two-body bound states. In random phase approximation the BSE reads
, (3.23)
which is a resummation of the form
. (3.24)
The left hand side is the scattering matrix Tˆ , which we will interpret as the meson later on. We
can write the diagrammatic equation (3.23) in explicit form as
i Tˆ = iKˆ + iKˆ
 −iJˆ i Tˆ , (3.25)
with the bare scattering kernel
Kˆ = ΓM ′KM ′MΓM = ΓM ′2GSδM ′MΓM (3.26)
and the polarization loop Jˆ . We separate the external vertices from the polarization loop and
write
JM ′M = ΓM ′ JˆΓM . (3.27)
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We write the scattering matrix as
Tˆ = −ΓM ′DM ′MΓM , (3.28)
where DM ′M acts as a meson propagator.
We can calculate the polarization loop for M ,M ′ ∈ {σ,pi}
−iJM ′M(p) = (3.29)
=
∫
d4k
(2pi)4
Tr [ΓM ′S(k+ p)ΓMS(k)] . (3.30)
From evaluating the traces, we see that for our vertices, no mixing of different flavors occurs.
This means we can write all equations with a single flavor index M . We can rewrite the BSE as
−DM = 2GS − 2GSJMDM . (3.31)
We can solve this equation for DM
DM(p) = −2GS [1− 2GSJM(p)]−1 . (3.32)
The calculations for the polarization loop can be found in Appendix B.2.1 and we end up with
Jσ(iωm, ~p) = 4N f Nc i I1 − 2N f Nc((iωm)2 − ~p2 − 4M2)i I2(iωm, ~p), (3.33)
Jpi(iωm, ~p) = 4N f Nc i I1 − 2N f Nc((iωm)2 − ~p2)i I2(iωm, ~p), (3.34)
where iωm = 2piimT are bosonic Matsubara frequencies and the integrals are given by
i I1 = T
∑
n
∫
d3k
(2pi)3
1
(iωn +µ)2 − ~k2 −M2
, (3.35)
i I2(iωm, ~p) = −T
∑
n
∫
d3k
(2pi)3
1
(iωn +µ)2 − ~k2 −M2
 
(iωn + iωm +µ)2 − (~k+ ~p)2 −M2
 ,
(3.36)
with iωn the fermionic Matsubara frequencies and the integral i I1, that we have already solved
in Section 3.2.1. For the integral i I2 we refer to Appendix B.2.2.
To give the masses of the sigma-meson and pion, we use the pole approximation, where we
assume
D+M(p0, ~p)≈
g2Mqq
p20 − ~p2 −m2M
, (3.37)
with the coupling of the meson to two quarks gMqq and the mass of the meson mM . We have
to treat p0 and ~p separately, since the medium breaks Lorentz invariance. In practice we will
search for the poles in Equation (3.32) and determine the mass as the solution of the equation
1− 2GSRe

J+M

p0 = ±
q
m2M − ~p2, ~p

!
= 0. (3.38)
We will give the results in the next section.
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Figure 3.3.: Masses of the mesons and twice the constituent quark mass as a function of
chemical potential (left) and temperature (right), both at vanishing external three-
momentum.
Results
With the formalism laid out we can calculate the masses of the sigma-meson and the pion in
pole approximation. In Figure 3.3 we see that both as a function of chemical potential and as
a function of temperature the pion mass vanishes in the region where the chiral symmetry is
broken. This is to be expected, since the pions act as Goldstone bosons of the spontaneously
broken chiral symmetry. In addition we can show this analytically, with the result from Equation
(3.22) and by entering Equation (3.34) into Equation (3.38) and calculate that for any non-
trivial solution of the gap equation p20 = ~p
2 fulfills the condition, as the prefactor of i I2 lets the
second part vanish. The mass of the sigma-meson is always twice the constituent quark mass in
the broken phase, which is visible from a similar argument as for the pion.
At the phase transition to the chirally restored phase, the sigma mass drops to zero as does
the constituent quark mass. In the restored phase itself, the two meson masses are degenerate
and finite. The former is also obvious, since the polarization loops for both mesons, Equations
(3.33) and (3.34) are the same if the constituent quark mass is zero. The different order of the
phase transition for finite temperature and finite chemical potentials respectively is also visible
from Figure 3.3, the same discontinuities we saw in the constituent quark mass are reflected in
the meson masses as well.
In Figure 3.4, we show the dispersion relation for both sigma-meson and pion. In the bro-
ken phase (left), the masses remain unchanged with increasing three momentum, while in the
restored phase (right) we see both masses remaining degenerate and falling with increasing
external three momentum.
3.3 Inhomogeneous NJL model
To present the inhomogeneous phase in this section we take a similar approach to other works,
see for example [52, 65]. We will derive the grand potential as the central quantity that enables
us to calculate all thermodynamic observables and determine solutions to the gap equation from
stationary conditions in the potential. This formalism is used widely, but has his limitations.
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Figure 3.4.: Dispersion relations for the mesons in the broken phase at µ = 310 MeV (left) and
in the restored phase µ= 350 MeV (right).
To calculate meson properties, as we did in the last section, we need an expression for the
propagators of the theory, which cannot be obtained from the grand potential. Nonetheless the
grand potential is an important quantity and it is needed for example to determine the favored
solution of the gap equation, where multiple solutions are possible.
We start from the mean-field approximation, which is equivalent to the Hartree-Fock ap-
proximation we used in the previous section. Central here are the expectation values of the
interaction terms of our model Lagrangian (3.1)
S(x) = 〈ψψ〉, Pa(x) = 〈ψiγ5τaψ〉. (3.39)
These expectation values can in principle be space, as well as time dependent. Now we expand
the fields around their expectation values, with fluctuations δS and δPa
ψψ= S(x) +δS, ψiγ5τaψ= Pa(x) +δPa. (3.40)
Up to now this is exact and would remain so if we treated S and P as auxiliary fields, similar to
a Hubbard-Stratonovich transformation [69, 70]. The approximation happens in the next step,
where we look at the interaction terms of the Lagrangian and neglect quadratic contributions
from the fluctuations 
ψψ
2 ≈ −S2(x) + 2S(x)ψψ, (3.41)
ψiγ5τaψ
2 ≈ −P2a (x) + 2Pa(x)ψiγ5τaψ. (3.42)
In the rest of this section we will focus only on spatially modulated condensates and not take into
account the possible time dependence. In addition we will only consider diagonal contributions
in flavor space, so that the expectation values simplify to S(x) = S(~x) and Pa(x) = P(~x)δa3.
Making these replacements in the interaction terms of the Lagrangian, yields the mean-field
Lagrangian
LMF =ψS−1ψ−V , (3.43)
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with the abbreviations
S−1 = i /∂ −m+ 2GS [S(~x) + iγ5τ3P(~x)] , (3.44)
V = GS
 
S2(~x) + P2(~x)

. (3.45)
The first part is the inverse propagator and the second part is a potential.
The grand potential per volume is given by
Ω= −T
V
logZ, (3.46)
with temperature T , volume V and the partition function Z given in the path integral formalism
ZMF =
∫
Dψ
∫
Dψexp
¨∫
[0,1/T]×V
d4xE
 LMF +µψ†ψ« , (3.47)
where we have to integrate over Euclidean space-time in the exponent.
Thanks to the mean-field approximation, the exponent of the partition function is bi-linear in
the fields and we can perform the path integral, which yields for the grand potential
ΩMF = −TV Tr log
S−1
T

+
T
V
∫
[0,1/T]×V
d4xE V . (3.48)
This lends itself to the definition of a kinetic and a condensate (potential) part of the grand
potential
Ωkin = −TV Tr log
S−1
T

, (3.49)
Ωcond =
T
V
∫
[0,1/T]×V
d4xE V , (3.50)
ΩMF = Ωkin +Ωcond , (3.51)
where the trace in the kinetic part is over Euclidean space-time, Dirac, color and flavor space.
In order to proceed, we write the inverse propagator as
S−1 = γ0 (i∂0 −H(~x)) , (3.52)
with the Dirac-Hamilton operator of the theory
H(~x) = γ0
 −iγk∂ k +m− 2GS [S(~x) + iγ5τ3P(~x)] . (3.53)
With the time derivatives separated, employing the Matsubara formalism again, we can write
the kinetic part of the grand potential as a function of the eigenvalues Eν of the Hamiltonian
Ωkin = − 1V
∑
ν

Eν −µ
2
+ T log

1+ exp
§−Eν −µ
T
ª
(3.54)
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We can decompose this Hamiltonian in its flavor components, where the two expressions only
differ in a sign stemming from τ3
H =H+ ⊗H−, (3.55)
H± = γ0
 −iγk∂ k +m− 2GS [S(~x)± iγ5P(~x)] . (3.56)
Due to isospin symmetry, those two Hamiltonians have the same eigenvalues, which allows us
to treat only one of them. Here we take without loss of generality H+, and we pick up a factor
N f = 2 in front of the overall expression.
Now we introduce a mass function
M(~x) = m− 2GS [S(~x) + iP(~x)] , (3.57)
which allows us to write the Hamiltonian in chiral representation of the Dirac matrices as
H+(~x) =

iσk∂
k M(~x)
M∗(~x) −iσk∂ k

. (3.58)
The potential part can then be written as
V = |M(~x)−m|2
4GS
. (3.59)
We will focus only on periodical modulations as mass functions
M(~x) = M(~x + ~ni), i = 1,2,3, (3.60)
which allows a Fourier decomposition of the form
M(~x) =
∑
~qk
M~qke
i~qk ~x . (3.61)
Analogous to condensed matter physics, the vectors ~ni span the unit cell of a crystal and the
vectors ~qk are the components of the reciprocal lattice, which we will call wave vectors. In
principle there are infinitely many wave vectors possible, we can however define a basis of the
reciprocal lattice with just three vectors
~bi = εi jk
~n j × ~nk
~ni · (~n j × ~nk) . (3.62)
In order to get the eigenvalues of the Hamiltonian we perform a Fourier decomposition, with
the definition described in Appendix A.3
H~pm,~pm′ =
∫
d3xe−i~pm ~xH+(~x)ei~pm′ ~x (3.63)
=
 −~σ~pmδ~pm,~pm′ ∑~qk M~qkδ~pm,~pm′+~qk∑
~qk
M∗
~qk
δ~pm,~pm′−~qk ~σ~pmδ~pm,~pm′

. (3.64)
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Here we see some of the differences that occur in the inhomogeneous model compared to the
homogeneous one. In the homogeneous case, we only have ~qk = 0 and we can calculate the
eigenvalues in Dirac space, since the Hamiltonian is diagonal in momentum space. The sum
over the eigenvalues is only a sum over the momenta.
For the case ~qk 6= 0 this simple procedure is not possible. Different momenta are coupled via
the Kronecker deltas in the mass terms, which makes this a non-trivial matrix in momentum
space.
In general we can decompose the momenta into a momentum vector in the first Brillouin zone
(B.Z.) ~ki and elements of the reciprocal lattice vectors ~qi
~pi = ~ki + ~qi. (3.65)
This means two momenta in the Hamiltonian can only be coupled if they have the same mo-
menta in the first Brillouin zone ~km = ~km′, which allows for a decomposition of the Hamiltonian
into a direct sum
H =
∑
~k∈B.Z .
H(~k). (3.66)
Now we can take the kinetic part of the grand potential and take the continuum limit in the
fashion
1
V
∑
ν
f (Eν)→
∫
B.Z .
d3k
(2pi)3
∑
λ
f (Eλ(~k)), (3.67)
where Eλ(~k) are the eigenvalues of the Hamiltonians H(~k). Therefore we can write Equation
(3.54) as
Ωkin = −N f Nc
∫
B.Z .
d3k
(2pi)3
∑
λ

Eλ(~k)−µ
2
+ T log

1+ exp
−Eλ(~k)−µ
T

. (3.68)
In all cases we consider in this work, the eigenvalues come in pairs ±|Eλ|, which allows to make
the additional simplification
Ωkin = −N f Nc
∫
B.Z .
d3k
(2pi)3
∑
λ>0

Eλ(~k) + T log

1+ e−
Eλ(~k)−µ
T

+ T log

1+ e−
Eλ(~k)+µ
T

, (3.69)
where the notation λ > 0 indicates that we only sum over positive eigenvalues.
By applying the Fourier decomposition of the mass function to the condensate part of the
thermodynamic potential we get
Ωcond =
1
4GS
∑
~qk
M~qk −mδ~qk,02 . (3.70)
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3.3.1 Gap Equation from the Grand Potential
As discussed in the beginning, we can derive the gap equations from the grand potential.
In general all mass amplitudes M~qk and the basis vectors of the reciprocal lattice
~bk have to
fulfill thermodynamic stability conditions
∂ΩMF
∂M~qk
= 0,
∂ΩMF
∂M∗
~qk
= 0,
∂ΩMF
∂ ~bk
= 0. (3.71)
In addition the solutions of these equations should be minima. We do not want to give a detailed
derivation of the gap equations from the grand potential for a general case, since this is not the
focus of this work. Interested readers will find a discussion in greater detail in [65] and [71].
Oftentimes it is not possible or numerically not feasible to evaluate the gap equations. In
these cases one can instead minimize the grand potential, which tends to be a numerically more
robust algorithm for handling the parameter determination in the inhomogeneous case.
3.3.2 Different Modulations
In this section we will give a quick overview of different modulations that have been proposed.
The results for the homogeneous modulation and the chiral density wave are needed anyway
and the other modulations give us an insight on how to judge our results.
Homogeneous Mass Function
In the homogeneous case the results are straightforward. Since we only have ~qk = 0, the
Brillouin zone is infinite in size and the sum over the eigenvalues is reduced to a sum over the
Dirac space eigenvalues, which are
Eλ = ±
Æ
~k2 +M2 =: ±Ek, (3.72)
where each of those is two times degenerate. The grand potential is then given by
ΩMF = Ωkin +Ωcond , (3.73)
Ωkin = −2N f Nc
∫
d3k
(2pi)3

Ek + T log

1+ e− Ek −µ
T

+ T log

1+ e− Ek +µ
T

, (3.74)
Ωcond =
(M −m)2
4GS
. (3.75)
The results for this have already been shown in the previous sections and we will not reiterate
them here.
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Chiral Density Wave
Sketch of the chiral density wave
The chiral density wave (CDW) modulation is the one we want to focus mostly in this work.
This mass function has the great advantage that one can calculate the eigenvalues analytically.
We will only discuss some aspects here and go into more detail in the next three chapters. For
now we just give the definition
M(~x) = Mei~q~x (3.76)
and calculate the grand potential. The eigenvalues are given by [72]
E2±(~k) = ~k2 +M2 +
1
4
~q2 ±
√√
(~k · ~q)2 + 1
4
~q2M2. (3.77)
Like for the homogeneous modulation we can replace the integral over the Brillouin zone with
an integral over the whole three-momentum space and calculate the thermodynamic potential
straightforwardly. We minimize the grand potential with respect to M and |~q|=: q, which takes
care of all free parameters in the model at a given temperature and chemical potential. This
is also the most practical way of calculating the parameters, although we will derive the gap
equation for M in the next chapter, the minimization process for M and q is both faster and
more reliable against small numerical errors.
As a result we show the parameters at vanishing temperature versus chemical potential on the
left in Figure 3.5.
The amplitude stays constant at a vacuum value of Mv ac = 300 MeV at low chemical potential,
which is due to the silver blaze property [67], and starts to slowly melt away starting at µ= 300
MeV while the wave number is zero. This corresponds to the homogeneous broken phase, the
chiral symmetry is broken spontaneously while the spatial symmetry is intact. At µ = 311 MeV
we find a first order phase transition at which the wave number jumps to a finite value and
increases with higher chemical potentials. The amplitude on the other hand drops to a lower
value and continues to decrease. This is the inhomogeneous or inhomogeneous broken phase,
where the chiral symmetry, as well as the rotational and translational symmetry are broken. At a
second critical chemical potential µ = 345 MeV the mass amplitude reaches zero and the wave
number is not a useful quantity anymore, this is a second order phase transition. The chiral
symmetry is restored and so is the spatial symmetry.
The right side of Figure 3.5 shows the phase diagram for the CDW modulation. The homoge-
neous phase transition line is given in red for comparison. We see a similar behavior to the one
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Figure 3.5.: Parameters of the CDW modulation over µ at vanishing temperature (left) and the
phase diagram of the CDW modulation (right). Dashed lines indicate second-order
phase transitions, while solid lines indicate first-order phase transitions. The square
represents the point where the two second order and the first order line meet. The
first-order transition from the homogeneous calculations, as well as its critical point
are given in red for reference.
described above for a large temperature range, but the chemical potential ranges, where the in-
homogeneous phase is favored decreases with increasing temperature. Both phase boundaries of
the inhomogeneous phase eventually coincide at the point where we found the critical end point
in our homogeneous calculations and at higher temperatures no inhomogeneous solutions can
be found.The homogeneous first-order transition is completely covered by the inhomogeneous
phase.
Sinusoidal Modulation
M
(z
)
z
Sketch of the sinusoidal modulation
The next modulation we want to discuss briefly is the sinusoidal modulation. Instead of the
single plane wave we used as a mass function in the previous section, we use two waves, to
construct a real solution for the mass function
M(~x) = M cos(~q~x) =
M
2
 
ei~q~x + e−i~q~x

. (3.78)
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Figure 3.6.: Parameters of the sinusoidal modulation over µ at vanishing temperature (left)
and the phase diagram of the sinusoidal modulation (right). Dashed lines indicate
second-order phase transitions, while solid lines indicate first-order phase transitions.
The square represents the point where the two second order and the first order line
meet. The first-order transition from the homogeneous calculations, as well as its
critical point are given in red for reference.
This is actually the simplest real mass function we can write down. For this modulation no
analytic expression for the eigenvalues is known, so we have to diagonalize the Hamiltonian
numerically. This is a rather involved procedure, which we will not show here, since it is not
relevant for the main part of this work, but the interested reader can find details in [65, 73, 56,
71].
The results are similar to the chiral density wave modulation. In Figure 3.6 on the left we
see the same qualitative behavior as before, although the first-order phase transition is less pro-
nounced. On the right of Figure 3.6 we can see, that the general shape of the phase diagram
remains the same, but the onset of the inhomogeneous phase is at lower chemical potentials
when comparing to the CDW modulation. The second-order phase transition between the in-
homogeneous chirally broken phase and the restored phase is at the same temperatures and
chemical potentials, which is an expected behavior that has been shown in [54].
Solitonic Modulation
Lastly, we want to discuss the so called solitonic modulation. Its mass function is given by
M(z) =∆ν
sn(∆z|ν)cn(∆z|ν)
dn(∆z|ν) , (3.79)
where sn, dn and cn are Jacobi elliptic functions.
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Sketch of the solitonic modulation for parameters ν= 0.99999 (red) and ν= 0.5 (blue)
This rather peculiar modulation was first found as the exact solution for the 1+ 1-dimensional
Gross-Neveu model [74] and it was shown, that it is a self consistent solution for the 3 + 1-
dimensional NJL model as well [75]. The main strength of this solution is, that it can assume
different shapes of modulations, see the sketch above. For this modulation there is no analytic
expression for the eigenvalues known, however one can derive a density of states that allows to
transform the momentum integrals in the grand potential into a single energy integral
Ωkin,sol i ton(T,µ) = −N f Nc
∫ ∞
0
dEρsol i ton(E) [ fv ac(E) + fmed(E; T,µ)] . (3.80)
The density of states is given in terms of the complete and incomplete elliptic integrals of first
and second kind
ρsol i ton(E) =
E∆
pi2
§
θ (
p
ν˜∆− E)

E(ϑ˜|ν˜) +

E(ν)
K(ν)
− 1

F(ϑ˜|ν˜)

+ θ (E −pν˜∆)θ (∆− E)

E(ν˜) +

E(ν)
K(ν)
− 1

K(ν˜)

(3.81)
+ θ (E −∆)

E(ϑ|ν˜) +

E(ν)
K(ν)
− 1

F(ϑ|ν˜) +
p
(E2 −∆2)(E2 − ν˜∆2)
E∆
 ª
,
where ν˜= 1− ν, θ˜ = arcsin(E/(pν˜∆)) and θ = arcsin(∆/E).
The parameters here are different from the ones we used in the other modulations, but we
can relate ∆ and ν to the mass amplitude and the overall frequency of the modulation q by the
following relations
M =∆ν, q =
2pi
L
, L =
2K(ν)
∆
, (3.82)
where L is the period of the modulation.
For this modulation we see a slightly different behavior than for the other ones. In Figure
3.7 on the left, we see that for vanishing temperature the transition between the homogeneous
broken and the inhomogeneous phase is second order, instead of first and the mass amplitude
is higher, although close to the sinusoidal modulation. On the right side of Figure 3.7 we see
that the nature of the phase transitions holds true for the whole temperature range, the first-
order transition from the previous sections gives way for a second-order transition between
the homogeneous broken and the inhomogeneous phase. The transition to the restored phase
remains of second order. The point where the three second-order lines meet coincides with the
critical point from the homogeneous calculations and is called a Lifschitz Point.
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Figure 3.7.: Parameters of the solitonic modulation over µ at vanishing temperature (left) and
the phase diagram of the solitonic modulation (right). Dashed lines indicate second-
order phase transitions and the square represents the Lifschitz point. The first-order
transition from the homogeneous calculations, as well as its critical point are given
in red for reference.
Comparison of the Different Modulations
Now that we have seen the results of three different inhomogeneous modulations and the ho-
mogeneous one, it is time to compare them to each other. The inhomogeneous calculations
show qualitatively largely similar behavior, with the exception of the order of the phase transi-
tion from the homogeneous broken to the inhomogeneous region. However as we have already
seen in the comparison of the CDW to the sinusoidal modulation, this discrepancy is reduced by
taking more Fourier coefficients into account (here two instead of one) and even more so for a
larger number of coefficients [71].
We can compare the free energies of the different modulations, see Figure 3.8 where we
plotted the values of the grand potentials relative to the restored phase. The first thing to note
is that the solitonic modulations are favored, but the sinusoidal modulations are not far off.
This can be understood by the fact, that only close to the transition to the homogeneous broken
phase the solitonic mass function assumes shapes that are not well reproduced by a single cosine
and only there this modulation is favored by a significant margin.
The chiral density wave however is disfavored by a larger amount compared to the other two.
Nonetheless it is still favored over the homogeneous modulation in roughly the same parameter
region as the other modulations and shows the qualitative behavior we are interested in. Its
simplicity and the fact that the eigenvalues and, as we will see in the next section, the prop-
agators can be calculated analytically makes it the ideal testing ground for more complicated
calculations like the ones we attempt in this work.
3.4 Regularization
After having seen integrals with divergences throughout this chapter, some words on the reg-
ularization are in order. The NJL model is not renormalizable. Therefore we have to apply
a regularization scheme, which influences our results. We will fit the parameters to physical
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Figure 3.8.: Comparison of the free energies of different modulations at T = 0 with respect to
the restored energy.
observables, so at least qualitatively the results should still be reasonable. A more detailed
prescription on parameter fitting is given in [42].
Most integrals, though not all, can be separated into a divergent vacuum part and a convergent
medium part. If this is the case and it is not otherwise stated we only regularize the vacuum
part and leave the medium part unaltered.
During the decades that the model has been in use, different regularization schemes have
been used, all with their own advantages and disadvantages. We will give an overview of the
options one can choose from and afterwards go into more details concerning the scheme we
chose.
3.4.1 Different Regularization Schemes
Three-Momentum Cutoff
The simplest and probably most widely used regularization scheme is the sharp three momen-
tum cutoff. After the Matsubara sum has been performed, the absolute value of the spatial
momentum is limited by a sharp cutoff, |~p| ≤ Λ. In practice this means∫
d3k
(2pi)3
f (~k) =
∫
dΩ
∫ ∞
0
dk k2 f (k,Ω)→
∫
dΩ
∫ Λ
0
dk k2 f (k,Ω), (3.83)
where dΩ contains all angular integrations.
This procedure has the advantage, that no complicated functions are introduced to handle
the divergences, this even allows for an analytical solution of some of the occurring integrals.
The disadvantages, which disqualify this scheme for our calculations are quite severe. This
regularization scheme breaks Lorentz invariance. For mesons this means, that in the vacuum
we have an unphysical dependence of the meson masses on the external momentum. In the
inhomogeneous calculations this regularization scheme would restrict the number of coupled
momenta in an unphysical way and render our results useless.
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Four-Momentum Cutoff
To circumvent the problem of the three-momentum cutoff one could instead try to restrict the
full four-momentum with a sharp cutoff. This can only be done by performing a Wick rotation
on the integrals and transforming them to Euclidean space. The Euclidean momentum can then
be limited by
q
p24 + ~p2 ≤ Λ, where p0 = ip4.
This does however not resolve the problems in the inhomogeneous phase, the number of
coupled momenta would still be restricted. In addition, it might influence the results at finite
temperature and chemical potential in a way that other regularization schemes don’t.
We will not use this scheme in this work, a parameter set can be found in [42].
Pauli-Villars Regularization
Instead of a applying a sharp cutoff, the Pauli-Villars regularization scheme [76] allows for a
smooth integrand behavior. To do this we subtract a function with the same asymptotic behavior
as the original function. The number of regulating functions needed corresponds to the degree
of divergence the integral shows.
∫
d3k
(2pi)3
f0(~k)→
∫
d3k
(2pi)3
NPV∑
j=0
cPVj f j(~k). (3.84)
This scheme has the advantage of delivering a smooth integrand, which can be integrated
over the whole momentum / energy range, which renders cutoff effects in the inhomogeneous
phase unproblematic.
This is our regularization scheme of choice and we will go into more details on how to apply
it in the next section.
Proper Time Regularization
The Schwinger proper time regularization [77] can be introduced by replacing the logarithm in
Equation (3.48) with an exponential representation
logA→−
∫ ∞
0
dτ
τ
f (τ)e−τA, (3.85)
where f (τ) acts as a blocking function to regulate the integrals. Different blocking functions
are possible, the simplest would be to simply use a lower bound f (τ) = θ (τ− 1/Λ2).
Another possibility is to use the blocking function
f (τ) = 1− 3e−τΛ2 + 3e−2τΛ2 − e−3τΛ2, (3.86)
which produces the Pauli-Villars regularization we will discuss in the next section.
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3.4.2 Details on the Pauli-Villars Regularization Scheme
The regularization scheme of choice in this work is the Pauli-Villars regularization scheme [76].
In the homogeneous model it is common to regularize the masses, making the replacement∫
d3k
(2pi)3
f (~k,M) =
∫
d3k
(2pi)3
NPV∑
j=0
cPVj f (~k,
Æ
M2 + jΛ2). (3.87)
The coefficients cPVj have to fulfill the conditions
NPV∑
j=0
cPVj =
NPV∑
j=0
jcPVj = · · ·=
NPV∑
j=0
jNPV−1cPVj = 0. (3.88)
For the integrals shown in this work, in the homogeneous case, this is equivalent to regularizing
the occurring energies E~k =
p
~k2 +M2, since this is the only place the masses show up in the
integrals.
In the inhomogeneous phase, regularizing the energies is usually the only choice. Since the
mass is a function, it is not clear how to actually regularize it, since regularizing only the ampli-
tude can lead to unwanted effects, such as an inability to determine a value for the wave number
or artifacts in the restored phase, where the mass amplitude is zero, but additional amplitudes
are generated by the regulators. For this reason, the integrals in the inhomogeneous models for
the gap equation and the grand potential are regularized in the following way∫
d3k
(2pi)3
f (E~k) =
∫
d3k
(2pi)3
NPV∑
j=0
cPVj f (
Ç
E2
~k
+ jΛ2). (3.89)
This regularization of energies diverges a bit from the original concept of Pauli and Villars, but
can further be justified by the blocking function we gave in the previous section for the proper
time regularization scheme.
The minimum number of regulators needed to render the integrals convergent is determined
by the degree of divergence in the occurring integrals. While for the integrals found in this
work two regulators cPVj = {1,−2,1} would be sufficient, to be comparable to previous works,
we choose to use three regulating functions, resulting in coefficients cPVj = {1,−3,3,−1}.
Now we have to fix two remaining parameters, the coupling constant GS and the cutoff Λ.
If we worked away from the chiral limit we would also have to fit the bare quark mass m.
To obtain physically meaningful results we fit these parameters to physical observables in the
vacuum.
The first observable we fit to is a pion decay constant of fpi = 88 MeV, which differs from the
result one might find in most literature, since it is the value specifically calculated for the chiral
limit [78].
Second we fit to the a constituent quark mass in vacuum of M = 300 MeV. This of course
is not an observable in the classical sense, in most works one might find a fit to the chiral
condensate 〈ψψ〉. That however would yield rather small vacuum quark masses for the Pauli-
Villars regularization scheme.
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Figure 3.9.: Constituent quark mass M over the value of the Pauli-Villars cutoff Λ for three regu-
lators and fixed coupling constant. The desired value of the mass of M = 300 MeV
in vacuum is indicated by the dashed black line.
The resulting parameters used throughout this work are then given as
Λ= 757.048 MeV, GS = 6.00214/Λ
2. (3.90)
The regularization recipe we describe here is widely used for the calculations of the inhomo-
geneous NJL model and of course works just as well in the homogeneous model, which allows
us to compare to previous works. All calculations in this work are done with these parameters
and most are done with the replacement described in Equation (3.89). For the inhomogeneous
mesons in Chapter 6 the situation is not quite as simple and warrants a separate discussion
which can be found in that chapter.
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4 Inhomogeneous Propagators and the
Chiral Density Wave
In this chapter we give an overview of the properties of the quark propagator in the inhomoge-
neous phase in the NJL model. In particular there are some aspects to take into account that
lack in most other theories.
In the previous section we saw the general Hamiltonian, Equation (3.64), and from that the
inverse propagator in momentum space can be derived as
S−1(p, p′) = γ0
 
p0(2pi)
4δ(4)
 
p− p′−H(p, p′) , (4.1)
as stated in Equation (3.52). Here we treat the matrix structure from Section 3.3 as functional
arguments
Hp,p′ → H(p, p′), (4.2)
which fits more consistently with the definitions of operations in Appendix A. Just as the Hamil-
tonian the inverse propagator is a matrix in momentum space and since quite often the prop-
agator is needed instead of the inverse propagator, this poses the problem to invert an infinite
continuous matrix. To understand this a bit better we will highlight some of the consequences.
The most important differences to the homogeneous ansatz lies in the matrix structure itself,
the momentum arguments correspond to incoming and outgoing momenta. This means, in
contrast to homogeneous modulations we can have different incoming and outgoing momenta,
as shown in Figure 4.1. This stems from broken translational invariance. This can be explained
Figure 4.1.: Diagrammatic representation of a dressed propagator in the inhomogeneous phase
by the ansatz we made. In mean-field approximation, as the name suggests, interactions are
handled via a background field and since the condensates are momentum dependent in the
inhomogeneous phase, so is the background field. This allows a propagating quark to pick up or
store momentum in the background field. One should note however that the absolute value of
momentum is not arbitrary, but only elements of the reciprocal lattice can be exchanged, as can
easily be seen by looking at the off diagonal structure in the Hamiltonian (3.64). This allows us
to formulate a rule for the incoming and outgoing momenta
p′ − p = ~qk, ~qk ∈ R.L. (4.3)
As mentioned before, we can write down the Hamiltonian with the description given in Section
3.3, but for most quantities we have to invert the resulting inverse propagator. In most cases the
propagator can only be evaluated numerically after applying a cutoff on the matrix structure of
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the Hamiltonian. This is a very involved procedure and in addition to being computationally
expensive, quite prone to errors, especially for more complex calculations like the polarization
loops we discuss later in this work.
The elegant way, if it is possible, is to find an analytical representation of the diagonal Hamil-
tonian, together with the transformations (eigenvectors). This is what we will show in the next
section for the chiral density wave.
4.1 Chiral Transformations
A great advantage of the chiral density wave (CDW) modulation is the fact, that eigenvalues of
the Hamiltonian can be calculated analytically. If we define the condensates as
〈ψψ〉= − M
2GS
cos(~q~x), 〈ψiγ5τ3ψ〉= − M
2GS
sin(~q~x), (4.4)
dividing the amplitude by 2GS compared to the definition given in Section 3.3.2. We can write
the Hamiltonian in coordinate space as, see Appendix C.1 for details,
H(x) = −iγ0γi∂i + γ0M exp(iγ5τ3~q~x), (4.5)
which fulfills the eigenvalue relation
H(x)ψ(x) = Eψ(x), (4.6)
with eigenvalues E and eigenstates ψ(x). Due to the explicit ~x dependence in the second
summand of the Hamiltonian the Fourier transformation would yield a non-trivial matrix in
momentum space (compare also A.3) which requires more elaborate techniques to arrive at the
eigenvalues. We can perform a unitary transformation on the fields [72]
ψ(x) = U(x)ψ′(x), U(x) = exp

−1
2
iγ5τ3~q~x

, (4.7)
which leads to a new eigenvalue relation, with transformed fields and a transformed Hamilto-
nian, but the same eigenvalues as before
H(x)U(x)ψ′(x) = EU(x)ψ′(x) (4.8)
⇒ H ′(x)ψ′(x) = Eψ′(x), (4.9)
where we defined the transformed Hamiltonian as
H ′(x) = U†(x)H(x)U(x). (4.10)
This transformed Hamiltonian
H ′(x) = −iγ0γi∂i − 12γ0γ
5τ3γiqi + γ0M (4.11)
36 4. Inhomogeneous Propagators and the Chiral Density Wave
has no explicit dependence on ~x and the eigenvalues can easily be determined to be
E2±(~k) = ~k2 +M2 − ~q
2
4
±
√√
(~k · ~q)2 + ~q2M2
4
. (4.12)
We can perform a Fourier transformation on the transformation matrices, see Appendix C.1
U(k, k′) = 1
2

(1+ γ5τ3)(2pi)4δ(4)
 
k− k′ − q/2 (4.13)
+ (1− γ5τ3)(2pi)4δ(4)  k− k′ + q/2,
U†(k, k′) = 1
2

(1+ γ5τ3)(2pi)4δ(4)
 
k− k′ + q/2 (4.14)
+ (1− γ5τ3)(2pi)4δ(4)  k− k′ − q/2
and apply them on the Hamiltonian in momentum space
H(p, p′) = γ0

− γipi(2pi)4δ(4)
 
p− p′ (4.15)
+
M
2
 
(1+ γ5)(2pi)
4δ(4)
 
p− p′ − q+ (1− γ5)(2pi)4δ(4)  p− p′ + q
to get the transformed propagator in momentum space
H ′(p, p′) =

−γ0γipi − 12γ0γ
5τ3γiqi + γ0M

(2pi)4δ(4)
 
p− p′ , (4.16)
where we see, that it is indeed a diagonal matrix in momentum space. Alternatively, one could
take the transformed propagator in coordinate space, Equation (4.11), and perform the Fourier
transformation.
4.2 Transformed Propagator
We start from the inverse propagator in momentum space, which is
S−1(p, p′) = γ0
 
p0(2pi)
4δ(4)
 
p− p′−H(~p, ~p′) (4.17)
= /p(2pi)4δ(4)
 
p− p′
− M
2

(1+ γ5)(2pi)
4δ(4)
 
p− p′ − q+ (1− γ5)(2pi)4δ(4)  p− p′ + q
and replace the Hamiltonian by the transformed one
S−1(p, p′) = γ0

p0(2pi)
4δ(4)
 
p− p′−∫ d4k
(2pi)4
∫
d4k′
(2pi)4
U(p, k)H ′(~k,~k′)U†(k′, p)

(4.18)
=
∫
d4k
(2pi)4
∫
d4k′
(2pi)4
U†(p, k)γ0
 
k0(2pi)
4δ(4)
 
k− k′−H ′(~k,~k′)U†(k′, p) , (4.19)
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where we picked up an additional dagger from the commutator with γ0. Now we can make the
definition
S−1(p, p′) =:
∫
d4k
(2pi)4
∫
d4k′
(2pi)4
U†(p, k)S′−1(k, k′)U†(k′, p′), (4.20)
with the transformed inverse propagator
S′−1(p, p′) =

/p+
1
2
γ5τ3/q−M

(2pi)4δ(4)
 
p− p′ . (4.21)
Now we want to invert this expression, with the definition of the inverse in accordance with
Appendix A ∫
d4k
(2pi)4
S−1(p, k)S(k, p′) = (2pi)4δ(4)
 
p− p′ 1D, f ,c. (4.22)
Since this propagator is diagonal in momentum space we can invert it analytically in Dirac and
flavor space. A lengthy but straightforward calculation yields
S′(p, p′) =
A(p) + γ5τ3B(p) + /C(p) + γ5τ3 /D(p) + γ5τ3γµγνEµν
N(p)
(2pi)4δ(4)
 
p− p′ (4.23)
=: S′(p)(2pi)4δ(4)
 
p− p′ , (4.24)
with the abbreviations
A(p) = M

p2 − 1
4
q2 −M2

,
B(p) = −M(p · q),
/C(p) = /p

p2 +
1
4
q2 −M2

− 1
2
(p · q)/q,
/D(p) = −1
2

p2 +
1
4
q2 +M2

/q+ (p · q)/p,
Eµν(p) = Mpµqν,
N(p) =

p2 +
1
4
q2 −M2
2
+ q2M2 − (p · q)2.
This expression has a rich Dirac structure, which is the trade off we have to make to get a
diagonal propagator. As for the untransformed propagator, we can get it from the transformed
propagator and the transformation matrices via the relation
S =
 
S−1
−1
=
 
U†S′−1U†
−1
=
 
U†
−1
S′
 
U†
−1
= US′U , (4.25)
where we omitted the integrals and momentum dependencies and just treated everything as a
matrix in accordance with Appendix A.
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Figure 4.2.: Diagrammatic representation of the gap equation.
4.3 Gap Equation
To see why this formulation of the propagators is useful we look at the gap equation. This equa-
tion, given in diagrammatic form in Figure 4.2, is formally a Dyson equation or more commonly
referred to in the context of the NJL model, the Hartree equation. It is a self consistent equation
that allows to calculate the constituent quark mass.
Reading from the diagram we can write
iS(p′, p) = iS0(p′, p) +
∫
d4p1
(2pi)4
∫
d4p2
(2pi)4
iS0(p
′, p2) (−iΣ(p2, p1)) iS(p1, p), (4.26)
with the self-energy given as
Σ(p2, p1) = −2iGS
∫
d4k
(2pi)4
∫
d4k′
(2pi)4

1Tr
 
1iS(k, k′)

(4.27)
+ iγ5τ3Tr
 
iγ5τ3iS(k, k
′)

(2pi)4δ(4)
 
p2 − k+ k′ − p1

.
Since the bare propagator is diagonal in momentum space
S0(p, p
′) = S0(p)(2pi)4δ(4)
 
p− p′ (4.28)
Equation (4.26) simplifies slightly
iS(p′, p) = iS0(p′)(2pi)4δ(4)
 
p′ − p+∫ d4p1
(2pi)4
iS0(p
′)
 −iΣ(p′, p1) iS(p1, p). (4.29)
Using the rules for continuous matrix multiplication we can invert this equation to an even
simpler form (see Appendix C.2 for more details)
S−1(p′, p) = S−10 (p′)(2pi)4δ(4)
 
p′ − p−Σ(p′, p). (4.30)
The key point is to derive a value for the mass amplitude and to do that we can directly put
in the untransformed inverse propagator from Equation (4.17) on the left, as well as the bare
propagator on the right and only have to worry about the self-energy. We take Equation (4.27)
and insert Equation (4.25) and after integrating out all occurring delta-functions we arrive at
Σ(p′, p) = iGS

(1− γ5τ3)(2pi)4δ(4)
 
p′ − p− q
+ (1+ γ5τ3)(2pi)
4δ(4)
 
p′ − p+ q∫ d4k
(2pi)4
TrS′(k). (4.31)
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Now we compare the momentum, Dirac and Flavor components of the different summands in
Equation (4.30) to arrive at the equation for M , which yields
M = 2iGS
∫
d4k
(2pi)4
TrS′(k). (4.32)
The trace can be evaluated with Equation (4.23). Without loss of generality we restrict the
modulation in the z-direction, so
q = 2Q~ez. (4.33)
The factor 2 here is purely conventional to make the expression better readable. The trace yields
TrS′(k) = 4N f Nc
A(k)
N(k)
(4.34)
= 4N f Nc
M
 
k2 +Q2 −M2
(k2 −Q2 −M2)2 + 4Q2M2 − 4(kzQ)2 (4.35)
= 4N f NcM
k20 − 12
 
E2+(~k) + E
2−(~k)

+ 2Q2 
k20 − E2+(~k)
  
k20 − E2−(~k)
 . (4.36)
In the last step we expressed some of the quantities in terms of the energies (see Equation
(4.12)), which for the modulation in z-direction looks like
E± =
r
k2z + ~k
2⊥ +M2 +Q2 ± 2Q
q
k2z +M2, (4.37)
where in addition we separated the momenta in the direction of the modulation kz and a two
vector perpendicular to the modulation ~k⊥ = (kx , ky)T .
In order to calculate the masses in the medium we employ the Matsubara formalism in Equa-
tion (4.36). We make the replacement
i
∫
d4k
(2pi)4
f (k0,~k)→−T
∞∑
m=−∞
∫
d3k
(2pi)3
f (iωm +µ,~k), (4.38)
with temperatures T , chemical potential µ and the fermionic Matsubara frequencies
ωm = (2m+ 1)piT . The sum can be evaluated by using the residue theorem, which is detailed
in Appendix C.3. The end result is
M = 2GSN f NcM
∫
d3k
(2pi)3
1Æ
k2z +M2
Æk2z +M2 +Q
E+(~k)
 
1− nF(E+(~k) +µ)− nF(E+(~k)−µ)

+
Æ
k2z +M2 −Q
E−(~k)
 
1− nF(E−(~k) +µ)− nF(E−(~k)−µ)

,
(4.39)
with the Fermi distribution
nF(z) =
h
1+ exp
 z
T
i−1
. (4.40)
The vacuum part of this expression, the part independent of the Fermi distributions, is divergent
and we will treat it with the regularization procedure described in Section 3.4.
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Figure 4.3.: Mass amplitude M in blue and wave number Q in red for vanishing temperature.
4.3.1 Results
As mentioned before the gap equation only determines the amplitude M , but not the wave
number Q. To determine the wave number we have to minimize the thermodynamic potential
Ω from Equation (3.51). Doing so results in Figure 4.3 which shows the mass amplitude M and
the wave number Q versus the chemical potential µ at vanishing temperature. The resulting
picture closely resembles the one shown in Section 3.3.2 from the previous chapter, as it should.
Since we have already discussed the results there, we will not reiterate them here. The only
difference between Figures 4.3 and 3.5 (left) stems from a different definition of q and Q. In the
last chapter we took q = |~q|, which is the definition that matches the other modulations. In this
chapter and the following ones however, we defined ~q = 2Q~ez, which is purely conventional.
The only reason to do so is to cancel out the factors 1/2 commonly appearing in front of ~q and
to better differentiate to the four-momentum q.
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5 Nambu-Goldstone Modes
In this chapter we derive the types of collective excitations that can arise from the symmetries
of the model with a chiral density modulation, the Nambu-Goldstone modes.
The ground work for the Goldstone theorem was done by Nambu [64] in the context of su-
perconductors and was refined by Goldstone [15], who later extended the theorem to quantum
field theories [79].
The theorem states, that whenever a Lagrangian is invariant under a continuous symmetry, but
the ground state is not, a massless, spinless particle appears in the spectrum. This is spontaneous
symmetry breaking and there are many examples in nature that can be described with the
Goldstone theorem.
One prominent example of Goldstone bosons are the pions, which are generated by the spon-
taneous breakdown of chiral symmetry in the QCD vacuum. In nature it is only an approximate
symmetry, since the mass of the light quarks does not vanish, pions have a finite mass. However
in our ansatz, we take the bare quark masses to be zero, which makes the chiral symmetry exact
and our pions massless. Another example of a Goldstone boson is the phonon, a quasiparticle
which can be related to crystal vibrations in condensed matter physics. It is generated by the
breakdown of rotational and translational symmetry.
In this work, we have the spontaneous breakdown of chiral symmetry as well as rotational
and translational symmetry, so we expect to find massless pions and phonons.
5.1 Identifying the Goldstone Modes
In this section, which is largely based on [62], we want to concentrate on the two kinds of sym-
metries that are spontaneously broken in the inhomogeneous phase, the rotational/translational
symmetry and the chiral symmetry. For the chiral density wave consider the scalar and pseudo-
scalar condensate separately
φS = M cos(qz)∝ 〈ψψ〉, φP = M sin(qz)∝ 〈ψiγ5τ3ψ〉. (5.1)
If we want to investigate small (collective) deviations in space, we shift the space dependency
by a small amount u
φS = M cos(q(z + u)), φP = M sin(q(z + u)). (5.2)
By applying the standard addition theorems and assuming u to be small (u 1/q), we find the
condensates to be
φS = M cos(qz)−Mqu sin(qz) +O(u2), (5.3)
φP = M sin(qz) +Mqu cos(qz) +O(u2). (5.4)
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For the chiral symmetry we combine the transformations from SUV (2) and SUA(2), which act
on the quark fields as follows
SUV (2) : ψ→ e−i~τ~α/2ψ, ψ→ψei~τ~α/2, (5.5)
SUA(2) : ψ→ e−iγ5 ~τ ~β/2ψ, ψ→ψe−iγ5 ~τ ~β/2. (5.6)
Here ~α and ~β are arbitrary (but small) 3 vectors, relating to the rotations in vector and axial-
vector space. This leads to overall rotations
U = ei~τ(~α−γ5 ~β) = 1+ i
2
~τ(~α− γ5 ~β) +O(~α2, ~β2), (5.7)
U = e−i~τ(~α+γ5 ~β) = 1− i
2
~τ(~α+ γ5 ~β) +O(~α2, ~β2), (5.8)
where we approximated to leading order in ~α and ~β . These transformations act on the combined
chiral condensates
φ = φS + iγ
5~τ ~φP , (5.9)
where we should note, that for the moment we do not restrict ourselves to only the pi3 contri-
bution. Applying the transformations on this expression and continue to only consider leading
order leads to
UφU = φS + iγ
5~τ ~φP +
i
2
~α
 
[~τ,φS] + [~τ, iγ
5~τ ~φP]
− i
2
~β
 {γ5~τ,φS}+ {γ5~τ, iγ5~τ ~φP} (5.10)
= φS + iγ
5~τ ~φP − 12γ
5αa(2i"abcτc)(φP)b − iγ5~τ ~βφS + ~β ~φP . (5.11)
We can separate this in the two condensates
φS → φS + ~β ~φP , (5.12)
~φP → ~φP − ~α× ~φP − ~βφS. (5.13)
Now we want to combine the two different transformations. For better readability we write
everything in a four component vector φ = (φS, ~φP). The standard CDW is
φ0 = M
cos(qz)00
sin(qz)
 (5.14)
and after we applied the transformations we find
φ = φ0 +M
 (−qu+ β3) sin(qz)−α2 sin(qz)− β1 cos(qz)α1 sin(qz)− β2 cos(qz)
(qu− β3) cos(qz)
 . (5.15)
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Figure 5.1.: Illustration of the Mexican hat potential in σ and ~pi plane
From the first and last component of this vector we can see that the chiral density wave is
invariant under simultaneous rotation by the angle β3 and a spatial translation along the z-Axis,
if the condition qu − β3 = 0 is satisfied. Since the spontaneous breaking of symmetries only
depends on the sum, only one NG boson is required to describe both translational symmetry
breaking and chiral symmetry breaking in the inhomogeneous phase. Without loss of generality,
we can concentrate only on β3 6= 0 and set u= 0 for the rest of the discussion, which resembles
the uncharged pion in the homogeneous case.
In the second and third component of φ we still have a dependence on the components of the
two vectors ~α and ~β , however it can be shown that these are linearly dependent [80, 81, 82]
and it suffices only to take the components of ~β into account, since only those are present in the
homogeneous broken phase.
Overall this means that we only find three independent NG modes in the CDW phase, which
can be described by ~β .
5.2 Understanding the Pion Vertex
In Section 3.2.2 we have already shown how to calculate mesons in the NJL model for the
homogeneous case. In the next chapter we will extend the formalism to the inhomogeneous
phase, where due to the non-diagonal momentum space structure the calculations will be much
more complicated. In this section we want to take the opportunity to give a simpler picture of
the steps necessary to calculate the Goldstone modes in the inhomogeneous phase.
In the homogeneous ansatz we made a choice, to have the massive direction parallel to the chi-
ral condensate 〈ψψ〉. When looking at the mean-field Lagrangian (3.43) in a slightly different
notation
L=ψ  i /∂ + ΓMφMψ− 14GSφ2M , (5.16)
with implicit summation over M ∈ {σ, ~pi}, it is obvious, that we could have chosen any of the
φM to be the massive direction. It also shows, that the vertices Γσ = 1 and Γ ~pi = iγ5~τ are
associated with the condensates φσ∝ 〈ψψ〉 and φ ~pi∝ 〈ψiγ5~τψ〉 respectively.
We can illustrate this with the Mexican hat potential in Figure 5.1, where we show the poten-
tial as a function of φσ and the compactified φ ~pi condensate. Our choice of a minimum in the σ
direction is not unique, we could have taken any direction marked by the red line and it would
still be a minimum of the potential. All states along the red line have the same energy level, but
they represent different ground states. This is exactly the premise of the Goldstone theorem.
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By choosing the massive direction to be aligned with φσ, the other three condensates φ ~pi are
associated with the Goldstone modes. This explains why the σ-meson, we calculated with the
σ-vertex, Γσ, is massive while the others are massless. In the vector picture of the previous
section, we chose our condensates in the following way
φσ =
M00
0
 , φpi1 =
010
0
 , φpi2 =
001
0
 , φpi3 =
000
1
 . (5.17)
We can see, that these are all orthogonal vectors, which is also what we see in the simple
Mexican hat potential, where the massless modes are in the perpendicular direction to the
massive mode.
In the inhomogeneous ansatz, particularly for the chiral density wave, the story changes.
Instead of having one fixed direction, we have chosen our ansatz in a way, that the massive
direction changes in position space. While at z = 0 the massive direction coincides with the
φσ condensate, at z = pi/2q it coincides with φpi3. This means the Goldstone mode has to be a
linear combination of the two condensates.
To get an intuitive idea of how this might look like, we go back to the vector notation and
write our condensate as
φCDW = M
cos(qz)00
sin(qz)
 . (5.18)
Following the logic laid out for the homogeneous case, we can deduce that the Goldstone modes
have to be perpendicular to our ansatz and we find
φpi1 =
010
0
 , φpi2 =
001
0
 , φp¯i =
− sin(qz)00
cos(qz)
 . (5.19)
The first two are the same charged pions as before, but the third is something new, we named it
p¯i. It is space dependent as we expected.
We can write down the corresponding vertex
Γp¯i = −1 sin(qz) + iγ5τ3 cos(qz). (5.20)
This should be the vertex of the third Goldstone boson and in fact in the next chapter we will
show that it is.
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6 Mesons in the Inhomogeneous Phase
In Section 3.2.2 we have already discussed how to describe mesons in the NJL model. The same
techniques are applicable here, with the additional difficulty of the momentum dependence of
the propagators. In explicit diagrammatic form the Bethe-Salpeter equation is given by
After the resummation, which is described in Appendix D.1, is complete we write down the
Bethe-Salpeter equation as
= +
or written in terms of the scattering matrix Tˆ
i Tˆ = iKˆ + iKˆ
 −iJˆ i Tˆ , (6.1)
with the bare scattering kernel Kˆ and the polarization loop Jˆ . These quantities are matrices in
momentum space and meson type, which is spanned by the vertices. We will denote both spaces
by collective indices which we will label with Greek symbols starting from α. It should be noted
that in contrast to the homogeneous case, the incoming and outgoing vertices may differ. We
can separate internal and external structure of the scattering kernel by writing
Kˆ = ΓαKαβ Γ¯β (6.2)
and the same separation is possible for the scattering matrix
Tˆ = −ΓαDαβ Γ¯β (6.3)
where we will call Dαβ the generalized meson propagator. If we put this together we find
−ΓαDαβ Γ¯β = ΓαKαβ Γ¯β − ΓαKαγΓ¯γJˆΓδDδβ Γ¯β . (6.4)
We define
Jαβ := Γ¯αJˆΓβ , (6.5)
which allows us to write
−Dαβ = Kαβ − KαγJγδDδβ . (6.6)
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Figure 6.1.: Polarization loop in the inhomogeneous phase
Let us take a look at the individual contributions to this equation. Dαβ is unknown and is the
matrix to be determined. Kαβ , the scattering kernel, can be written as
Kαβ ≡ KM ′M(p′, p) = 2GSδM ′M(2pi)4δ(4)
 
p′ − p , (6.7)
with incoming momentum p and outgoing momentum p′.
The polarization loop is a more involved object, which diagrammatically is given in Figure
6.1, corresponding to −iJM ′M(p′, p). We should note that in contrast to the scattering kernel,
this object has a non-diagonal structure in momentum space, as well as in meson type. To
understand this structure we can evaluate the diagram to
JM ′M(p′, p) = i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯M ′(p′)

k3,k2
iS(k2, k1) (ΓM(p))k1,k4 iS(k4, k3)

. (6.8)
The vertices we introduced here have a more complicated structure than those found in most
works and Chapter 3.2.2, which stems from the additional momentum dependence of our prob-
lem. This is just a different notation, which will come in handy later. The vertices are defined
by the diagrams
k′
k
p
M(ΓM (p))k′,k =
k′
kp
M
(
Γ¯M (p)
)
k′,k =
which translates from the interactions of the Lagrangian to be
(Γσ(p))k′,k = 1(2pi)
4δ(4)
 
k′ − k− p ,  Γ¯σ(p)k′,k = 1(2pi)4δ(4)  k′ − k+ p , (6.9)
(Γpi(p))k′,k = iγ5τ3(2pi)
4δ(4)
 
k′ − k− p ,  Γ¯pi(p)k′,k = iγ5τ3(2pi)4δ(4)  k′ − k+ p . (6.10)
Since the polarization loop is non-diagonal in momentum space, so is Equation (6.6), which
makes the evaluation of the generalized meson propagator difficult. What we want to do is
find a unitary transformation that diagonalizes the equation in momentum space. We call these
transformations
Wαβ ≡WMM ′(p′, p), W †αγWγβ = δαβ . (6.11)
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6.1 Transformations on the Bethe-Salpeter Equation
Thanks to the unitarity of the transformation we can insert them as identities in Equation (6.6)
−Dαβ = Kαβ − KαγW †γδWδεJεζW †ζηWηθDθβ (6.12)
−Dαβ = Kαβ − KαγW †γδJ ′δεWεζDζβ , (6.13)
where we defined
J ′αβ =WαγJγδW
†
δβ
. (6.14)
To proceed, we multiply this equation with W from the left and W † from the right and define
D′αβ :=WαγDγδW
†
δβ
, (6.15)
K ′αβ :=WαγKγδW
†
δβ
= Kαβ , (6.16)
where the last equality stems from the fact that the scattering kernel is proportional to unity in
meson type and momentum space. The BSE reduces to
−D′αβ = K ′αβ − K ′αγJ ′γδD′δβ , (6.17)
which closely resembles the equation before the transformation. By construction, all quantities
in this equation are diagonal in momentum space. This yields a self-consistent equation for the
transformed generalized meson propagator, which we will evaluate in the transformed space
and can transform back after the evaluation is complete. To solve this equation we write
−D′αβ = K ′αβ − K ′αγJ ′γδD′δβ (6.18)
−δαδD′δβ + K ′αγJ ′γδD′δβ = K ′αβ (6.19)
−δαδ − K ′αγJ ′γδD′δβ = K ′αβ (6.20)
D′αβ = −
 
1− K ′ J ′−1
αγ
K ′γβ . (6.21)
Since the expressions on the right hand side are all diagonal in momentum space, the left hand
side and therefore the transformed generalized meson propagator has to be diagonal as well.
The only remaining matrix structure is in the meson type (σ,pi), which is just a 2x2-matrix,
which can be diagonalized or inverted easily.
The components of the matrix we have to invert in the previous equation are given by
δM ′M − 2GS
∑
N
∫
d4k′
(2pi)4
δM ′N (2pi)4δ(4)
 
p′ − k′ J ′NM(k′) (6.22)
= δM ′M − 2GSJ ′M ′M(p′), (6.23)
or in matrix form for meson type
2GS
 1
2GS
− J ′σσ(p′) −J ′σpi(p′)−J ′piσ(p′) 12GS − J ′pipi(p′)

. (6.24)
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So the inverse is
1
2GS
1
1
2GS
− J ′σσ(p′)

1
2GS
− J ′pipi(p′)
− J ′σpi(p′)J ′piσ(p′)
 1
2GS
− J ′pipi(p′) J ′σpi(p′)
J ′piσ(p′)
1
2GS
− J ′σσ(p′)

. (6.25)
Overall we find the transformed generalized meson propagator
D′(p′) = − 1
1
2GS
− J ′σσ(p′)

1
2GS
− J ′pipi(p′)
− J ′σpi(p′)J ′piσ(p′)
 1
2GS
− J ′pipi(p′) J ′σpi(p′)
J ′piσ(p′)
1
2GS
− J ′σσ(p′)

.
(6.26)
Alternatively, we can look at the inverse of the above expression, since in the end we are inter-
ested in its poles
D′−1(p′) = −
 1
2GS
− J ′σσ(p′) −J ′σpi(p′)−J ′piσ(p′) 12GS − J ′pipi(p′)

. (6.27)
Now, the instrumental thing is to find the transformations and evaluate the components of the
polarization loop, which we will do in the next sections.
6.2 Transformation of the Polarization Loop
In order to diagonalize the polarization loop in momentum space, we use the unitary transfor-
mation W . In the polarization loop, it only acts on the momentum and meson type dependence
of the vertices. The polarization loop transforms as
WαγJγδW
†
δβ
= J ′αβ ≡ J ′M ′M(p′)(2pi)4δ(4)
 
p′ − p , (6.28)
where we defined
J ′M ′M(p
′)(2pi)4δ(4)
 
p′ − p (6.29)
= i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯ ′M ′(p
′)

k3,k2
iS(k2, k1)
 
Γ ′M(p)

k1,k4
iS(k4, k3)

,
with the new vertices
Γ ′α = ΓβW
†
βα
, Γ¯ ′α =Wαβ Γ¯β . (6.30)
Although not obvious from the equation, from the definition of the transformations, the polar-
ization loop is now diagonal in momentum space, but it can still have a non-diagonal structure
for the meson type. In the end, we want to diagonalize the polarization loop completely, but
for now we focus only on the momentum space since we have a clear procedure to do so and
work out the meson type structure later. More details of these transformations are laid out in
Appendix D.2, together with the explicit form of the transformed vertices.
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To find the transformations that are described in Equation (6.28) appears to be a difficult task,
but since we already have some insight in how we want to proceed, we can make our life easier.
To evaluate the polarization loop in Equation (6.8) we will introduce the same transformed
propagators as we did in the Chapter 4, namely
S(p′, p) =
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
U(p′, k′)S′(k′)(2pi)4δ(4)
 
k′ − kU(k, p). (6.31)
Using this knowledge and applying it to the polarization loop above allows us to treat the
propagators as diagonal in momentum space, with the trade-off of modifying the vertices, so
that they are non diagonal
JM ′M(p′, p) = i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯M ′(p′)

k3,k2
iS(k2, k1) (ΓM(p))k1,k4 iS(k4, k3)

(6.32)
= i
 
4∏
j=1
∫
d4k j
(2pi)4
!
4∏
l=1
∫
d4rl
(2pi)4

× (6.33)
× tr
 
Γ¯M ′(p′)

k3,k2
iU(k2, r2)S
′(r2, r1)U(r1, k1)
× (ΓM(p))k1,k4 iU(k4, r4)S′(r4, r3)U(r3, k3)

= i
 
4∏
j=1
∫
d4k j
(2pi)4
!
4∏
l=1
∫
d4rl
(2pi)4

× (6.34)
× tr

U(r3, k3)
 
Γ¯M ′(p′)

k3,k2
iU(k2, r2)S
′(r2)(2pi)4δ(4) (r2 − r1)
× U(r1, k1) (ΓM(p))k1,k4 iU(k4, r4)S′(r4)(2pi)4δ(4)
 
r4 − r3

= i
 
4∏
j=1
∫
d4r j
(2pi)4
!
× (6.35)
× tr
 
Γ¯ ′′M ′(p
′)

r3,r2
iS′(r2)(2pi)4δ(4) (r2 − r1)
×  Γ ′′M(p)r1,r4 iS′(r4)(2pi)4δ(4)  r4 − r3
= i
∫
d4r2
(2pi)4
∫
d4r4
(2pi)4
tr
 
Γ¯ ′′M ′(p
′)

r4,r2
iS′(r2)
 
Γ ′′M(p)

r2,r4
iS′(r4)

, (6.36)
where we defined new vertices under the internal transformations U
 
Γ ′′M(p)

r,r′ =
∫
d4k
(2pi)4
∫
d4k′
(2pi)4
U(r, k) (ΓM(p))k,k′ U(k
′, r ′), (6.37)
 
Γ¯ ′′M(p)

r,r′ =
∫
d4k
(2pi)4
∫
d4k′
(2pi)4
U(r, k)
 
Γ¯M(p)

k,k′ U(k
′, r ′). (6.38)
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It is noteworthy that the transformations U only act on the internal momenta of the polarization
loop, the ones indicated by the subscripts in the vertices. The transformations W , which we
want to act on the vertices, only act on the external momenta, to make the vertices diagonal in
momentum space.
If we take the polarization loop now, the double primed vertices are the only thing not diag-
onal in momentum space. Since the original vertices had diagonal momentum space structure,
one possibility is a transformation that counteracts the U transformations. If we can find a
transformation that has the following properties 
Γ ′M(p)

k′,k =
∑
N
∫
d4s
(2pi)4
(ΓN (s))k′,kW
†
NM(s, p) (6.39)
!
=
∫
d4r ′
(2pi)4
∫
d4r
(2pi)4
U†(k′, r ′) (ΓM(p))r′,r U†(r, k), (6.40) 
Γ¯ ′M(p)

k′,k =
∑
N
∫
d4s
(2pi)4
WMN (p, s)
 
Γ¯M(s)

k′,k (6.41)
!
=
∫
d4r ′
(2pi)4
∫
d4r
(2pi)4
U†(k′, r ′)
 
Γ¯M(p)

r′,r U
†(r, k), (6.42)
the desired structure will emerge naturally from the unitarity of the transformations U . This
implies, that the doubly primed vertices should relate to the original ones 
Γ¯ ′′M ′(p
′)

r′,r =
 
Γ¯M ′(p′)

r′,r ,
 
Γ ′′M(p)

r′,r = (ΓM(p))r′,r . (6.43)
The transformed vertices read in terms of the original ones, suppressing the internal momenta
for the moment, since they do not change
Γ ′σ(p) =
1
2
[Γσ(p− q) + Γσ(p+ q)− iΓpi(p− q) + iΓpi(p+ q)] , (6.44)
Γ¯ ′σ(p′) =
1
2

Γ¯σ(p
′ − q) + Γ¯σ(p′ + q) + iΓ¯pi(p′ − q)− iΓ¯pi(p′ + q)

, (6.45)
Γ ′pi(p) =
1
2
[iΓσ(p− q)− iΓσ(p+ q) + Γpi(p− q) + Γpi(p+ q)] , (6.46)
Γ¯ ′pi(p′) =
1
2
−iΓ¯σ(p′ − q) + iΓ¯σ(p′ + q) + Γ¯pi(p′ − q) + Γ¯pi(p′ + q) , (6.47)
which makes the problem of finding the appropriate transformations W a simple task of solving
a linear system of equations 
Γ¯ ′M(p)

k′,k =
∑
N
∫
d4r
(2pi)4
WMN (p, r)
 
Γ¯N (r)

k′,k , (6.48) 
Γ ′M(p)

k′,k =
∑
N
∫
d4r
(2pi)4
(ΓN (r))k′,kW
†
NM(r, p). (6.49)
The resulting transformations in components are
Wσσ(p
′, k) =Wpipi(p′, k) =
1
2

(2pi)4δ(4)
 
p′ + q− k+ (2pi)4δ(4)  p′ − q− k , (6.50)
Wσpi(p
′, k) =
 
Wpiσ(p
′, k)
∗
=
i
2
−(2pi)4δ(4)  p′ + q− k+ (2pi)4δ(4)  p′ − q− k (6.51)
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and
W †σσ(k, p) =W
†
pipi(k, p) =
1
2

(2pi)4δ(4) (p+ q− k) + (2pi)4δ(4) (p− q− k) , (6.52)
W †σpi(k, p) =
 
W †piσ(k, p)
∗
=
i
2
−(2pi)4δ(4) (p+ q− k) + (2pi)4δ(4) (p− q− k) . (6.53)
The unitarity of these transformations can easily be checked
WW † ≡∑
N
∫
d4k
(2pi)4
WM ′N (p′, k)W †NM(k, p) = δM ′M(2pi)4δ(4)
 
p′ − p . (6.54)
We can apply these transformations on the polarization loop
J ′M ′M(p
′, p) =
∑
N ′N
∫
d4r ′
(2pi)4
∫
d4r
(2pi)4
WM ′N ′(p′, r ′)JN ′N (r ′, r)W †NM(r, p) (6.55)
= i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯ ′M ′(p
′)

k3,k2
iS(k2, k1)
 
Γ ′M(p)

k1,k4
iS(k4, k3)

(6.56)
and we will see in Section 6.3 that we obtain the desired result.
6.3 Evaluating the Polarization Loop
In this section we try to compress a very lengthy and complex calculation into a compact form.
For this reason a lot of abbreviations have been used. Although they are explained when they
first appear, in Appendix D.4 we give a complete list in one page for the reader’s convenience.
We want to start from the expression of the transformed polarization loop, which resembles
the general one as given in equation (6.8), although with the transformed vertices
J ′M ′M(p
′, p) = i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯ ′M ′(p
′)

k3,k2
iS(k2, k1)
 
Γ ′M(p)

k1,k4
iS(k4, k3)

. (6.57)
Now we insert the transformations for the propagators (4.25) and find that∫
d4k3
(2pi)4
∫
d4k2
(2pi)4
U(r3, k3)
 
Γ¯ ′M ′(p
′)

k3,k2
U(k2, r1) =
 
Γ¯M ′(p′)

r3,r1
, (6.58)∫
d4k1
(2pi)4
∫
d4k4
(2pi)4
U(r1, k1)
 
Γ ′M(p)

k1,k4
U(k4, r3) = (ΓM(p))r1,r3 . (6.59)
After evaluating all possible remaining delta-functions, which in detail can be found in Appendix
D.3, and integrals in the polarization loop, the expression yields
J ′M ′M(p
′, p) = i
∫
d4k
(2pi)4
tr

ΓM ′ iS′(k+ p′)ΓM iS′(k)

(2pi)4δ(4)
 
p′ − p (6.60)
=: J ′M ′M(p
′)(2pi)4δ(4)
 
p′ − p , (6.61)
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where ΓM and ΓM ′ are the vertices without any momentum dependence, namely just 1 and
iγ5τ3. We see, that this expression is indeed diagonal in momentum space, as signified by the
delta-function, just as we intended. As mentioned earlier, this expression is not diagonal in the
meson type, due to the more complicated Dirac structure compared to the homogeneous case,
mixed traces do not vanish. We are left with the task to evaluate four different traces, which
with our knowledge of the structure of the propagator (4.23) is straightforward. For the sake of
readability we choose a matrix notation for the full polarization loop, so that
J ′(p′) =

J ′σσ(p′) J ′σpi(p′)
J ′piσ(p′) J ′pipi(p′)

. (6.62)
After careful evaluation of the four traces, details in Appendix D.3, we find
J ′(p′) = i
∫
d4k
(2pi)4
4
N(k+ p′)N(k)
−( fABE + fCD) −i gCD
i gCD fABE − fCD

, (6.63)
with
fABE = A(k+ p
′)A(k) + B(k+ p′)B(k) + Eµν(k+ p′)E νµ (k), (6.64)
fCD = C
µ(k+ p′)Cµ(k)− Dµ(k+ p′)Dµ(k), (6.65)
gCD = C
µ(k+ p′)Dµ(k)− Dµ(k+ p′)Cµ(k). (6.66)
This lends itself to a redefinition of the functions in the transformed polarization loop as
J ′(p′) =

J ′σσ(p′) −iJ ′X (p′)
iJ ′X (p′) J ′pipi(p′)

. (6.67)
In addition we will write some of the lengthy expressions, that are not necessary at a given point
in the calculations as ji and give them increasing numbers every time something has changed.
They can be found in Appendix D.4, the first one is
j1(k, p) =
−( fABE + fCD) −i gCD
i gCD fABE − fCD

. (6.68)
It is useful to note, that the denominators of all elements of the polarization loop matrix are
the same, which means they can be evaluated in a similar fashion. The next step is to evaluate
the above expressions in the medium. This is done by introducing the Matsubara formalism, as
we did in Section 4.3 and replace the zero components of the momenta
k0→ iωn +µ, ωn = (2n+ 1)piT, (6.69)
p′0→ iωm, ωm = 2mpiT, (6.70)
where we use fermionic Matsubara frequencies for the internal momentum and bosonic Mat-
subara frequencies for the external momenta. To evaluate the Matsubara sum we make use
of the residue theorem, similar to the gap equation, where we described the method in more
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detail in Appendix C.3. The resulting Fermi distributions are periodic in the bosonic Matsubara
frequencies which allows to set
nF(iωm + x) =
1
1+ exp ((iωm + x)/T )
=
1
1+ exp (x/T )
= nF(x). (6.71)
We make an analytic continuation from the bosonic Matsubara frequencies to p′0 and apply a
partial fraction decomposition in p′0. Finally we arrive at
J ′(p′) =
∑
±±±±
∫
d3k
(2pi)3
1− nF(Ek,± +µ)− nF(Ek,± −µ)
−Ep,±±(Ek,±±p′0) j2±,±,±(
~k, ~p′). (6.72)
Here we abridged the eigenvalues of the Hamiltonian, see equation (4.12) for readability
Ek,± := E±(~k), Ep,± := E±(~k+ ~p′) (6.73)
and the complicated function j2(~k, ~p), which is still a matrix in meson type and can be found in
more detail in Appendix D.4. Taking care of the different possible signs inside the eigenvalues
(±,±), the different signs from the residues (±) and the sign from the partial fraction decom-
position (±), we have 16 different expressions we have to sum over, which is expressed by the
sum
∑
±±±± in front of the integral. The integrand still has poles over the integration range,
which gives rise to an imaginary part. We can identify the location of the poles, for example in
terms of k⊥ when working in cylindrical coordinates
k⊥

pole
=
−(p23 + ε2k,± − ε2p,±)p⊥ cosθ ±
r
p20

(p23 + ε
2
k,± − ε2p,±)2 − 4ε2k,±(p20 − p2⊥ cos2 θ )

2(p20 − p2⊥ cos2 θ )
,
(6.74)
with
εk,± = Ek,±(k⊥ = 0), εp,± = Ep,±(k⊥ = p⊥ = 0). (6.75)
The numerically most reliable way to proceed is to calculate the imaginary part of the polariza-
tion loop and get the real part via the Kramers-Kronig relation [83, 84]
Re
 
J ′(p0, ~p)

=
1
pi
PV
∫ ∞
−∞
dω
Im
 
J ′(ω, ~p)

ω− p0 , (6.76)
where PV(·) stands for the Cauchy principal value. To calculate the imaginary part we use the
Sokhotski-Plemelj theorem [85, 86], which for our case states
lim
"→0 Im

1
x ± i"

= ∓piδ(x). (6.77)
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6.3.1 Evaluating the Imaginary Part
As mentioned above, we want to calculate the polarization loop via its imaginary part. We start
off from equation (6.72). We emphasize the complex nature of this expression, by adding an
imaginary constant iε to p′0, which we will sent to zero later on
J ′(p′) =
∑
±±±±
∫
d3k
(2pi)3
1
−Ep,±±(Ek,±±p′0±iε) j3±±±(
~k, ~p′). (6.78)
The imaginary part of this expression can be deduced from the aforementioned Sokhotski-
Plemelj theorem
Im
 
J ′(p′)

= lim
ε→0
∑
±±±±
∫
d3k
(2pi)3
Im

1
−Ep,±±(Ek,±±p′0±iε) j3±±±(
~k, ~p′)

(6.79)
= −pi ∑
±±±±
σ±±
∫
d3k
(2pi)3
j3±±±(
~k, ~p′)δ
 −Ep,±±(Ek,±±p′0) , (6.80)
where σx denotes the sign of the argument x . Since in this case ± and ± are just signs on their
own, we can write them in front of the expression and write the integral over momentum space
in cylindrical coordinates
Im
 
J ′(p′)

= −pi ∑
±±±±
∫ ∞
−∞
dkz
(2pi)3
∫ ∞
0
dk⊥ k⊥
∫ pi
−pi
dθ (±± j3±±±(kz, k⊥, cosθ , ~p′)) (6.81)
×δ  −Ep,±±(Ek,±±p′0) .
To evaluate the delta distribution we want to substitute the different integration variables with
the two different energies. In order to do so an intermediate step is helpful where we substitute
cosθ ∫ pi
−pi
dθ f (cosθ ) = 2
∫ 1
−1
dc
f (c)p
1− c2 =: 2
∫ 1
−1
dc f (c)g(c). (6.82)
To keep track of the integration boundaries we introduce θ -functions to limit them and allow us
to expand the integration domain to the whole real line for all variables. In addition we want
to introduce θ -functions that constrain our energies Ek,± and Ep,± to positive values. This of
course is always implied, but the additional functions help greatly to keep track of this fact and
this method of notation is less error prone. The imaginary part of the polarization loop reads
Im
 
J ′(p′)

= −2pi ∑
±±±±
∫ ∞
−∞
dkz
(2pi)3
∫ ∞
−∞
dk⊥ k⊥
∫ ∞
−∞
dc [±± j3±±±(kz, k⊥, c, ~p′)g(c)] (6.83)
×δ  −Ep,±±(Ek,±±p′0)θ (Ek,±)θ (Ep,±)θ (c + 1)θ (1− c)θ (k⊥).
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Now we want to substitute c with Ep,± and k⊥ with Ek,± in the following way
Ek,± =
Ç
k2⊥ + ε2k,±, Ep,± =
Ç
k2⊥ + p′⊥
2 + 2k⊥p′⊥c + ε2p,±, (6.84)
dk⊥ =
Ek,±
k⊥
dEk,±, dc =
Ep,±
k⊥p′⊥
dEp,±,
k⊥ =
Ç
E2k,± − ε2k,±, c =
E2p,± − k2⊥ − p′⊥2 − ε2p,±
2k⊥p′⊥
=
E2p,± − E2k,± − p′⊥2 + ε2k,± − ε2p,±
2p′⊥
q
E2k,± − ε2k,±
,
with the shorthand notation
εk,± := Ek,±(k⊥ = 0) =
r
k2z +Q2 +M2±2Q
q
k2z +M2, (6.85)
εp,± := Ep,±(k⊥ = p′⊥ = 0) =
r
(kz + p′z)2 +Q2 +M2±2Q
q
(kz + p′z)2 +M2. (6.86)
All of this results in rather lengthy expressions, more suited for the Appendix D.5. The next
step is to evaluate the integral over Ep,± in order to eliminate the δ-function. After that we can
rearrange the θ -functions and separate the integral over Ek,±. This results in
Im
 
J ′(p′)

= −2∑
±±
∫ ∞
−∞
dkz j4±±(kz, (p
′
0, ~p
′)) (6.87)
×
∑
±±
∫
dEk,±(±±±±)1− nF(Ek,± −µ)− nF(Ek,± +µ)q−4p23  (Ek,±±α)2 − β2 Ξ±±(Ek,±)
 .
The abbreviations introduced here, are
p23 = p
′
0
2 − p′⊥2, (6.88)
α=
p′0
2p23
(p23 +∆ε), (6.89)
β =
√√√p′⊥2
4p23

(p23 +∆ε)2
p23
− 4ε2k,±

, (6.90)
∆ε= ε2k,± − ε2p,± (6.91)
and Ξ containing all the remaining θ -functions
Ξ±±(Ek,±) = θ (∓)

θ (p23)θ (∓p′0)θ (p23 − (εk,± + εp,±)2)χ[∓α−β ,∓α+β](Ek,±)

(6.92)
+ θ (±)θ (p23)θ (±p′0)θ (εp,± − εk,± − |p3|)
+ θ (∓p′0)θ (εk,± − εp,± − |p3|)
	
χ[∓α−β ,∓α+β](Ek,±)
+ θ (−p23)χ[∓α+β ,∞](Ek,±)

.
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We can perform the vacuum part of the inner integral in equation (6.87) analytically∑
±±
∫
dEk,±(±±±±) 1q−4p23  (Ek,±±α)2 − β2Ξ±±(Ek,±)
= −σ(p′0) ±±pi
2
q
p23
θ (p23)

θ (εk,± − εp,± −
q
p23)− θ (εp,± − εk,± −
q
p23) (6.93)
− θ (p23 − (εk,± + εp,±)2)

.
The vacuum part has no contributions from p23 < 0.
In the special case of T = 0 we can solve the integrals for the medium part as well. The Fermi
distributions reduce to
nF(Ek,± −µ) + nF(Ek,± +µ) T→0= θ (µ− Ek,±), (6.94)
which allows us to perform the integral∑
±±
∫
dEk,±(±±±±) θ (µ− Ek,±)q−4p23  (Ek,±±α)2 − β2Ξ±±(Ek,±) (6.95)
= θ (−p23)
∑
±
(±±±)
2
q−p23 log
±α+µ+p(±α+µ)2 − β2
β

θ (±α+µ− β) (6.96)
+ θ (p23)
∑
±±
(±±±±)
2
q
p23

pi
2
[θ (µ±α+ β) + θ (µ±α− β)]
+ arctan

µ±αp
β2 − (µ±α)2

θ (β2 − (µ±α)2)

×

θ (±)  θ (∓p0)θ (εk,± − εp,± − |p3|) + θ (±p0)θ (εp,± − εk,± − |p3|)
+ θ (∓)θ (∓p0)θ (p23 − (εk,± + εp,±)2)

The details on how to arrive at the integrals is given in Appendix D.6.
6.3.2 Regularization of the Polarization Loop
As we already mentioned in Section 3.4, we have to do a little more work, to properly regularize
the integrals in the polarization loop. The straightforward idea to just regularize the mass would
render the integral finite, but since it is not applicable to the gap equation, it would leave us with
inconsistent results. The regularization of the energies, which we applied for the gap equation,
is also difficult, since we chose Ek,± and Ep,± as integration variables, when we evaluated the
imaginary part.
Instead we chose to regularize the energies before the substitution. This effectively regularizes
the reduced energies, so that we end up with
εk,±→ εk,±, j =
Ç
ε2k,± + jΛ2, εp,±→ εp,±, j =
Ç
ε2p,± + jΛ2. (6.97)
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In addition we have found, that in order to stay consistent with the homogeneous numerical
results only the energy integral, Equation (6.93), should be regularized.
This ensures that all limits we can show analytically, directly from the traces and the four-
momentum representation of the propagators, which is shown in the following sections, are
respected by our regularization scheme.
6.4 Diagonalization in Meson Type
So far we have diagonalized the polarization loop in momentum space, but left the non-diagonal
structure in the meson type as it is. However this is a simple two by two matrix structure which
we can easily diagonalize analytically, but the expressions for the polarization loop become more
involved. So instead we do this after having calculated the polarization loop in its form from
the previous section.
We start from the form given in Equation (6.67), where we introduce an additional shorthand
for better readability
J ′(p′) =

J ′σσ(p′) −iJ ′X (p′)
iJ ′X (p′) J ′pipi(p′)

=:

σ −i x
i x pi

. (6.98)
The eigenvalues are simply the eigenvalues of the two by two matrix and in matrix form
J ′′(p′) = 1
2

σ+pi−p(pi−σ)2 + 4x2 0
0 σ+pi+
p
(pi−σ)2 + 4x2

, (6.99)
where J ′′ = V †J ′V . The transformations V are given by the normalized eigenvectors and can be
written as
V =

i
2x
pi−σ+p(pi−σ)2+4x2s
1+ 1
4x2

pi−σ+p(pi−σ)2+4x22 i2x
pi−σ−p(pi−σ)2+4x2s
1+ 1
4x2

pi−σ−p(pi−σ)2+4x22
1s
1+ 1
4x2

pi−σ+p(pi−σ)2+4x22 1s1+ 1
4x2

pi−σ−p(pi−σ)2+4x22
 . (6.100)
Since the transformations are again unitary, we can easily write down the transformed Bethe-
Salpeter equation
−D′′αβ = K ′′αβ − K ′′αγJ ′′γδD′′δβ , (6.101)
where we defined
D′′αβ = V †αγD′γδVδβ , (6.102)
K ′′αβ = V †αγK ′γδVδβ = Kαβ . (6.103)
Alternatively we can start directly from the inverted generalized meson propagator in Equation
(6.27)
D′′−1(p′) = V †D′−1(p′)V = V †
 1
2GS
−σ i x
−i x 12GS −pi

V (6.104)
=
1
2GS
− 1
2

σ+pi−p(pi−σ)2 + 4x2 0
0 σ+pi+
p
(pi−σ)2 + 4x2

. (6.105)
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We write the eigenvalues as
D′′−1± (p′) =
1
2GS
− 1
2

J ′σσ(p′) + J ′pipi(p′)±
q
(J ′σσ(p′)− J ′pipi(p′))2 − 4J ′2X (p′)

. (6.106)
Ultimately, these eigenvalues give us the poles for the generalized meson propagator and we
will use them in our numerical calculations in the next sections.
6.5 Homogeneous Limit
Since all these expressions are quite complicated, one should consider the limit to the homoge-
neous expressions to make sure no errors have been made. This limit is reached by sending Q
to zero.
We can start directly from the traces in Equation (6.63). The off-diagonal traces vanish, since
for Q = 0 Dµ(k), from the definition of the propagator (4.23), vanishes. The mesons decouple
and we can write
J ′σσ(p′) = 4N f Nc
∫
d4k
(2pi)4
k2 + k · p′ +M2
(k2 −M2)((k+ p′)2 −M2) , (6.107)
J ′pipi(p′) = −4N f Nc
∫
d4k
(2pi)4
k2 + k · p′ −M2
(k2 −M2)((k+ p′)2 −M2) , (6.108)
which is the same result we got from the homogeneous traces, compare Appendix B.2.1.
This shows that the starting point obeys the limits to the homogeneous phase and in the next
sections we will use this limit as a test to show our derivations and numerical calculations are
correct.
6.6 Calculating the Goldstone Boson
To calculate the Goldstone boson, we are interested in the on-shell energies, for which the
generalized meson propagator we constructed in this chapter exhibits a pole. The condition is
D′−1(p′0, ~p′ = 0) = 0. (6.109)
For the Goldstone mode it should be p′0 = 0 everywhere where the chiral symmetry is broken.
We take the limit
lim
p′→0D
′−1(p′) = lim
p′→0
 1
2GS
− J ′σσ(p′) iJ ′X (p′)−iJ ′X (p′) 12GS − J ′pipi(p′)

=
 1
2GS
− J ′σσ(0) 0
0 12GS − J ′pipi(0)

. (6.110)
The first thing to note here is that the off-diagonal meson type components vanish, so we do
not have to concern us with mixing of flavors for this discussion. As mentioned in the previous
chapter, the pipi-component should give us the Goldstone boson, so we will focus on that.
We can write down the expression
1
2GS
− J ′pipi(0) = 12GS + 4iN f Nc
∫
d4k
(2pi)4
k2 −M2 +Q2
(k2 −Q2 −M2)2 + 4Q2M2 − 4(kzQ)2 = 0. (6.111)
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Figure 6.2.: Mass of the Goldstone boson as a function of chemical potential at vanishing tem-
perature. The homogeneous solution, which is given by the neutral pion, is blue,
while the inhomogeneous solution is red. In green the mass amplitude of the quark
is given for reference and the inhomogeneous region is shaded orange.
This formula is familiar, it closely resembles the trace in the gap equation in the form of Equation
(4.35). We can rewrite this as
4iN f Nc
∫
d4k
(2pi)4
k2 −M2 +Q2
(k2 −Q2 −M2)2 + 4Q2M2 − 4(kzQ)2 = i
1
M
∫
d4k
(2pi)4
tr[S′(k)]. (6.112)
Rewriting the condition in Equation (6.111) yields
1
2GS
− i 1
M
∫
d4k
(2pi)4
tr[S′(k)] = 0 (6.113)
1− 2iGS 1M
∫
d4k
(2pi)4
tr[S′(k)] = 0, (6.114)
which is just the gap equation, compare Equation (4.32), divided by the mass amplitude M .
This means the condition is fulfilled wherever the gap equation yields a non-trivial solution.
Therefore whenever the chiral symmetry is spontaneously broken, we have a massless mode,
described by the J ′pipi component.
This is exactly what is stated in the Goldstone theorem, therefore we have found the Goldstone
boson.
After having shown this, we want to use it as a benchmark for our numerics. We calculated
the left side of Equation (6.109) as a function of p′0 at vanishing external three momentum and
present the first zero crossing in Figure 6.2 as a function of µ for vanishing temperatures. The
red dots and line indicate the inhomogeneous solution, while the blue line shows the homoge-
neous solution for mpi as a reference. Here we see the expected behavior. In the homogeneous
broken phase, our solution is degenerate with the one from the homogeneous ansatz and both
are zero. In the inhomogeneous broken phase the solution remains zero, with some errors, but
it is clearly distinct from the homogeneous ansatz, that is already in the restored phase. In the
restored phase, the inhomogeneous solution is degenerate with the homogeneous ansatz once
more and the pion acquires mass.
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Figure 6.3.: Dispersion relation as a function of p′⊥ in the chirally broken homogeneous phase
(left) and the restored phase (right). Solutions from the inhomogeneous ansatz are
given in blue and the homogeneous solution is given in orange for reference.
Overall, the results from the inhomogeneous calculations as described in this chapter are in
very good agreement with what we would expect from the analytical limits we can take, which
inspires confidence, that we have indeed found the Goldstone boson and our framework is
capable to reproduce its properties.
6.7 Dispersion Relation of the Goldstone Boson
The dispersion relation is given as
p′0(p′⊥, p′z), (6.115)
which is defined by the poles in the diagonalized meson propagator
D′′−1(p′0, p′⊥, p′z)
!
= 0, (6.116)
given by Equation (6.105). In particular we are interested in the eigenvalue with the positive
sign, so for all pictures in this section the defining equation for p′0 is
D′′−1+ (p′) =
1
2GS
− 1
2

J ′σσ(p′) + J ′pipi(p′) +
q
(J ′σσ(p′)− J ′pipi(p′))2 − 4J ′2X (p′)

= 0. (6.117)
For the dispersion relations there are two interesting cases. The first one is with momentum
perpendicular to the modulation, the second one with momentum parallel to the modulation.
6.7.1 Dispersion Relation in the Perpendicular Direction
We will start with the former case. Since we cannot set the momentum in z-direction exactly
zero for implementation reasons, we set it to pz = 1 MeV, which should suffice. One thing to
note here, is that our results show the off-diagonal meson type components J ′X are very small
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Figure 6.4.: Dispersion relation as a function of p′⊥ for two inhomogeneous solutions, µ = 320
MeV (left) and µ = 330 MeV (right). The solution is given in blue, while the orange
lines indicate two times the mass amplitude M . The black dashed line indicates p23 =
0. The solution for the other eigenvalue D′′−
−1 is given in red.
compared to the diagonal ones. In all calculations they are more than three orders of magnitude
smaller. We can show analytically, that for p′z = 0, the integrand of J ′X over kz is an odd function,
which renders the integral zero. For this reason, it is sufficient to only take
D′′+
−1 = 1
2GS
− J ′pipi(p′0, p′⊥, p′z = 0) (6.118)
into account.
In Figure 6.3 we show the dispersion relations in the homogeneous broken and restored phase.
This yields exactly what we expect and the results match the homogeneous ones quite nicely. It
shows, that we can retain the homogeneous limits we have discussed in Section 6.5. Since there
is no preferred direction in the homogeneous limit, the dispersion relations as a function of p′z
look exactly the same.
For the inhomogeneous phase, we show two plots for µ = 320 MeV and µ = 330 MeV in
Figure 6.4. Both exhibit similar behavior. From the plot it looks like the energy remains zero
until a threshold, which is roughly twice the mass amplitude, then p′0 starts growing. This
behavior is unexpected. Previous works [62] have estimated a fourth-power dependency on the
perpendicular momenta, but even within our margin of error, this does not seem likely. Rather
it looks like a threshold opening at p′⊥ = 2M . Another unexpected feature is the discontinuity
in the dispersion relation. At larger perpendicular momentum the solution jumps to a much
higher value. There we can see that we obtain roughly the same solution we get from the other
eigenvalue, by the condition D′′−
−1(p′0, p′⊥, p′z = 0) = 0.
This behavior is shown for more values of the chemical potential in Figure 6.5, where the first
value above zero is marked in blue and the first value above the jump is marked in red. The
orange line indicates twice the mass amplitude and we can see that within the error bars the
blue line agrees.
To better understand what is happening we take a closer look at the inverse generalized
meson propagator as a function of p′0. In Figure 6.6 on the right we have given examples of
perpendicular momenta from all three types of solution regions, where the solution for p′0 is
zero, where it is small and where it is large.
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Figure 6.5.: Changes in the dispersion relation. The onset of finite values is given in blue, the
location of the discontinuity is given in red, twice the mass amplitude is given in
orange.
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Figure 6.6.: The inverse generalized meson propagator as a function of p′0 for different values of
the perpendicular momentum at a chemical potential of 330 MeV. Different ranges
of p′0 are given left and right.
For small p′⊥ we find the solution close to zero and with increasing p′0 there are more solutions
to be found, especially the slope to negative values is of interest. As we increase the perpen-
dicular momentum, the propagator at p′0 = 0 rises, so that the zero crossing comes at higher
energies. At the same time the region of negative values for low p′0 assumes lower absolute
values. At a certain point, the slope does not assume any values smaller than zero anymore and
we find no further solutions at low p′0. Instead the lowest lying solution is roughly at p′0 ≈ 500
MeV. There is a solution in that region for all values of the perpendicular momentum, but only
at high enough p′⊥ is it the lowest lying one. This large solution coincides with the solution for
the other eigenvalue, the one related to the sigma meson.
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Figure 6.7.: Dispersion relation as a function of p′z for two inhomogeneous solutions, µ = 320
MeV (left) and µ = 330 MeV (right). The solution is given in blue, while the orange
lines here indicate two times the wave number Q. The red line gives a sinusoidal fit,
as we would expect for a phonon in a one-dimensional chain. The black dashed line
indicates p2 = 0.
6.7.2 Dispersion Relation in the Parallel Direction
For the dispersion relation in direction of the modulation, it is instructive to repeat some findings
from phonons in a regular crystal. The details can be found in every condensed matter text book,
see for example [87].
We consider a classical, one-dimensional, mono-atomic chain, where the fluctuations are
along the chain. In the low temperature limit one considers a quadratic nearest-neighbor po-
tential, akin to masses connected with springs. Solving the equations of motion one arrives at a
dispersion relation
ω(k) =
s
κ
M
sinka2
 , (6.119)
with a spring constant κ, the mass M and the lattice spacing a, which for our case would be
a = pi/Q.
Since we already mentioned in Chapter 5 the phonon and the pion we calculated in this
chapter are equivalent, we can expect to see some similarities. In fact Figure 6.7 shows a
behavior, that might be periodic in the first Brillouin zone, which is indicated by the orange line.
The blue lines are our results and the red lines are a fit of the amplitude in Equation (6.119).
The fits do not agree perfectly with our results, however, given that the fit is motivated by a
classical approach and only has one parameter, the similarities are noteworthy.
In condensed matter theory the sound velocity can be derived from the linear slope of the
sine wave close to momentum zero. Since sound waves have long wavelength compared to the
lattice spacing, which is true for conventional crystals and certainly for our case, this is a good
approximation. It is the limit where group and phase velocity are equal. For our case we find
cS =
pi
Q
s
κ
M
. (6.120)
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Figure 6.8.: Speed of sound in the direction of the Modulation in the chiral density wave as
a function of chemical potential. The ideal gas value for neutron stars is given in
orange.
Instead of taking the sine fit we have shown in the previous figures and plugging the results
into this equation, we take a different approach. We take a few values of the dispersion relation
close to p′z = 0 and fit a linear slope to them. The results are given in Figure 6.8. This can only
be an approximation, since we started from a non-relativistic ansatz, but nonetheless we can
see that causality is not violated and our results are within the same order of magnitude of the
ideal gas solution, which is of the order cS = c/
p
3. For a broader discussion of the speed of
sound in neutron stars see [88]. We see that with rising chemical potential, and therefore rising
wave number and decreasing mass amplitude, the speed of sound is increasing.
6.8 Backward Transformation of the BSE
After having derived an expression for the transformed generalized meson propagator, one
might want to go back to the original expression in Equation (6.6). We have only worked
with the transformed expressions so far, since they contained all information we were inter-
ested in. If the full generalized meson propagator is needed however, one has to reverse the
transformations. In this section, we want to give the reversed expressions and discuss some of
its features.
The reversion of the transformation is straightforward via the definition of D′
Dαβ =W
†
αγD
′
γδWδβ . (6.121)
On the other hand, since we are only interested in the poles of the generalized meson propaga-
tor, it is easier to directly invert the inverse expression
D−1αβ =W †αγD′
−1
γδWδβ , (6.122)
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or with explicit momentum and meson type dependence
D−1M ′M(p
′, p) =
∑
N ′N
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
W †M ′N ′(p
′, k′)D′−1N ′N (k′)(2pi)4δ(4)
 
k′ − kWNM(k, p)
(6.123)
=
∑
N ′N
∫
d4k′
(2pi)4
W †M ′N ′(p
′, k′)D′−1N ′N (k′)WNM(k′, p) (6.124)
= −∑
N ′N
∫
d4k′
(2pi)4
W †M ′N ′(p
′, k′)
 1
2GS
− J ′σσ(k′) iJ ′X (k′)−iJ ′X (k′) 12GS − J ′pipi(k′)

N ′N
WNM(k
′, p).
(6.125)
Component by component we find 
D
−1
σσ
=
1
4

J ′σσ(p′ − q)− J ′pipi(p′ − q)

(2pi)4δ(4)
 
p′ − p− 2q (6.126)
+
1
4

J ′σσ(p′ + q)− J ′pipi(p′ + q)

(2pi)4δ(4)
 
p′ − p+ 2q
+
1
4

− 1
GS
+ J ′σσ(p′ − q) + J ′pipi(p′ − q) + 2J ′X (p′ − q)
− 1
GS
+ J ′σσ(p′ + q) + J ′pipi(p′ + q)− 2J ′X (p′ + q)

(2pi)4δ(4)
 
p′ − p ,
 
D
−1
pipi
=
1
4

J ′pipi(p′ − q)− J ′σσ(p′ − q)

(2pi)4δ(4)
 
p′ − p− 2q (6.127)
+
1
4

J ′pipi(p′ + q)− J ′σσ(p′ + q)

(2pi)4δ(4)
 
p′ − p+ 2q
+
1
4

− 1
GS
+ J ′σσ(p′ − q) + J ′pipi(p′ − q) + 2J ′X (p′ − q)
− 1
GS
+ J ′σσ(p′ + q) + J ′pipi(p′ + q)− 2J ′X (p′ + q)

(2pi)4δ(4)
 
p′ − p ,
 
D
−1
σpi
= − i
4

J ′pipi(p′ − q)− J ′σσ(p′ − q)

(2pi)4δ(4)
 
p′ − p− 2q (6.128)
− i
4

J ′σσ(p′ + q)− J ′pipi(p′ + q)

(2pi)4δ(4)
 
p′ − p+ 2q
− i
4

J ′σσ(p′ − q) + J ′pipi(p′ − q) + 2J ′X (p′ − q)
− J ′σσ(p′ + q)− J ′pipi(p′ + q) + 2J ′X (p′ + q)

(2pi)4δ(4)
 
p′ − p ,
 
D
−1
piσ
=
i
4

J ′pipi(p′ − q)− J ′σσ(p′ − q)

(2pi)4δ(4)
 
p′ − p− 2q (6.129)
+
i
4

J ′σσ(p′ + q)− J ′pipi(p′ + q)

(2pi)4δ(4)
 
p′ − p+ 2q
− i
4

J ′σσ(p′ − q) + J ′pipi(p′ − q) + 2J ′X (p′ − q)
− J ′σσ(p′ + q)− J ′pipi(p′ + q) + 2J ′X (p′ + q)

(2pi)4δ(4)
 
p′ − p .
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These expressions are rather lengthy and we won’t give numerical results for them. However
there are a some things to learn from them.
First of all, the full momentum dependence of the inverse general meson propagator. It only
has components for incoming and outgoing momenta that are the same or if they differ by 2q.
We can also see that for the homogeneous broken case, at q = 0, the propagator gives the homo-
geneous solution, since J ′X vanishes. For the restored phase, J ′σσ and J ′pipi are degenerate, from
which we can read, that the inverse generalized meson propagator is diagonal in momentum
space.
These expressions could be useful as inputs for future calculations, where the full momentum
dependence of the generalized meson propagator is needed.
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7 Conclusion and Outlook
In this work we have investigated a space dependent chiral condensate in the two-flavor Nambu–
Jona-Lasinio model. The goal was to find and calculate the Nambu-Goldstone modes in the
inhomogeneous phase, where in addition to the chiral symmetry, rotational and translational
symmetry is broken as well.
We have summarized some of the main aspects of our model so far in Chapter 3. Starting
from these formalisms we aimed to introduce a way to calculate quantities, that depend on
the propagator of the theory and which can not be derived from the grand potential directly.
The difficulty here is that propagators exchange momenta with the background field, which
renders them non-trivial matrices in momentum space, with differing incoming and outgoing
momenta. This makes the treatment for the general case quite difficult, so we focused on one
specific modulation for the mass function, the chiral density wave (CDW), a one-dimensional
plane wave as our modulation of choice.
From a method originally conceived to diagonalize the Hamiltonian of our model to obtain
analytical eigenvalues, we extended this formalism to allow us to diagonalize the inverse prop-
agator in momentum space. The diagonal structure of the transformed inverse propagator in
momentum space allows us to calculate its inverse, the fully transformed propagator for the
CDW, analytically, which we found to have a much richer Dirac structure than the homogeneous
propagator.
Then we put our calculations to the test by calculating the gap equation from the Feynman
diagram, which allowed us to compare our results to the gap equation derived from stationary
conditions in the grand potential. We found our results in agreement with previous works for
this test case.
The next step was to identify the number and type of Goldstone modes in the inhomogeneous
phase with the CDW modulation. One can show, that there are three Goldstone modes to
consider and that the fluctuations in direction of the modulation is equivalent to the meson,
which in the homogeneous case would correspond to the uncharged pion. We gave a physical
argument how to build the vertex of this meson, which has a spatial dependence to consider.
Since the massive direction rotates between the scalar and pseudo-scalar condensate, so does
its perpendicular direction.
Afterwards we calculated the meson in earnest, starting from the Bethe-Salpeter equation
with fully dressed inhomogeneous propagators. Like for most quantities in the inhomogeneous
phase the generalized meson propagator is non-diagonal in momentum space and we intro-
duced transformations on the whole equation to diagonalize all expressions. The key quantity
in this calculation was the polarization loop, which was diagonalized in momentum space by
these transformations as well. We showed that transformations that diagonalized the polar-
ization loop, diagonalize the whole equation and armed with this knowledge found a way to
determine the necessary transformation. In order to calculate Goldstone modes and dispersion
relations, we needed a way to calculate the polarization loop. Due to the more complicated
Dirac structure of the inhomogeneous propagators, compared to the homogeneous ones, the
expressions in our calculations were much more involved. Nonetheless, most steps found in
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homogeneous calculations are applicable for the inhomogeneous case as well, so we managed
to give a calculable expression for finite temperature and chemical potential. The expressions
for the inhomogeneous generalized meson propagator were non-diagonal in the meson type
as well and we gave a quick calculation to diagonalize these expressions. We checked the
resulting expressions to be consistent with the homogeneous calculations in the absence of
a space-dependent condensate and found them to be in agreement both from an analytical
standpoint and our numerical calculations. We gave an analytical proof that we found a Gold-
stone boson and verified it with numerical calculations. This is in accordance with the physical
arguments we gave in the previous chapter and gives confidence in our derivation of the Bethe-
Salpeter equation. We moved on to calculate the dispersion relations of the Goldstone boson,
where we checked the conformity with the homogeneous results as a first step and found that
our results are in agreement again.
We differentiated two cases for the dispersion relation in the inhomogeneous phase, momenta
perpendicular to the modulation and momenta parallel to it. For the perpendicular momenta,
we can show a decoupling of the meson types. The dispersion relations gave quite unexpected
results, the energy of the Goldstone bosons remains zero or very small, below our numerical
precision, until a certain threshold of perpendicular momenta, equal to two times the mass
amplitude, were reached. In addition we found a jump to a higher energy at larger external
momenta, after which the solutions for the two mesons are degenerate. The jump indicates
gapped energies, which is not uncommon in dispersion relations for massive particles, but comes
as a surprise for a massless boson.
For external momenta in direction of the modulation we see a different behavior, the disper-
sion relation starts to rise, while staying below the diagonal that would indicate a zero overall
squared four-momentum. At a certain external momentum, the curve starts declining and seems
to show a periodic behavior with a period of twice the wave number, which indicates periodicity
in the first Brillouin zone. We see no jump in the dispersion relation. This behavior is remi-
niscent of a classical phonon from condensed matter physics. We fitted the dispersion relation
from a classical phonon model to our results and saw reasonable agreement. We then went on
to determine the speed of sound from the phonon dispersion relation, which yielded results in
a reasonable range, between 45% and 60% of the speed of light.
Overall we have shown how to calculate propagators for the full inhomogeneous phase, which
allows the access to much more observables than before. These techniques have already been
used to calculate expectation values in the inhomogeneous phase with success in [89]. Together
with this work, one is able to examine the stability of the one-dimensional inhomogeneous
phase by determining the long range correlations. As stated by Landau and Peierls [61], one-
dimensional crystals should be unstable against thermal fluctuations, so it would be interesting
to investigate, how this manifests for our model. First studies close to the Lifschitz point have
shown an algebraic decay of the long range order [63], but we still do not know how this would
look like at lower temperatures, with less fluctuations.
In addition, building up on this work, one should be able to derive transport properties in
the inhomogeneous phase. This might be especially interesting for neutron starts, where it has
already been shown, that a inhomogeneous phase has minimal influence on the mass - radius
relation [90], but other effects, like the cooling of neutron stars, might be influenced much
stronger. Transport properties are also interesting, in order to determine the presence of an
inhomogeneous phase in upcoming experiments searching for the first-order phase transition in
the QCD phase diagram at FAIR.
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A more long time goal would be to do the investigations shown in this work for a more re-
alistic, real valued modulation of the mass function. There one would expect more Goldstone
modes and the calculations for the phonon have to be done in a different framework. In addi-
tion, one would likely have to invert the inverse propagator numerically, which allows much less
control over its components. This in turn would not only complicate the calculations, but also
make some of the steps we have done in this work impossible. It allows for much less control
over the regularization as well.
One of the big goals is to calculate inhomogeneous condensates in a functional renormaliza-
tion group framework. This would allow for fluctuations. Some steps have been undertaken in
a quark meson model to calculate the inhomogeneous phase [58], but as of now, all of them
are closely related to mean-field calculations. This is where our work could come in handy. One
possibility to arrive at an FRG framework would involve starting out from the mean-field meson
dispersion relations, which we have calculated, or have shown how to calculate in this work.
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A Definitions and Conventions
A.1 Conventions
Throughout this work we use natural units ħh= c = kB = 1.
Unless otherwise stated Greek letters µ,ν, . . . indicate Lorentz indices, running from 0 to 3,
while Latin letters i, j, . . . are spatial indices, running from 1 to 3.
We make use of the Einstein sum convention with the Minkowski metric
gµν = diag(1,−1,−1,−1), (A.1)
which leads to the following scalar products for four vectors
xµ yµ = x0 y0 + x
i yi = x0 y0 − ~x · ~y . (A.2)
If an explicit representation of Dirac matrices is given we use the Weyl representation
γ0 =

0 1
1 0

, γk =

0 σk
−σk 0

, γ5 =
−1 0
0 1

, (A.3)
where σk are the Pauli matrices
σ1 =

0 1
1 0

, σ2 =

0 −i
i 0

, σ3 =

1 0
0 −1

. (A.4)
A.2 Continuous Matrix Multiplications
In this work we repeatedly deal with the multiplications of objects which can be interpreted as
matrices in coordinate or momentum space. To have a consistent framework to deal with this
kind of operation we define analogously to the discrete matrix multiplication
C = A · B, (A.5)
ci j =
∑
k
aikbki (A.6)
a continuous version by replacing the sum with an integral. For the typical four dimensional
case this takes the form
C(x , x ′) =
∫
d4 yA(x , y)B(y, x ′), (A.7)
C(p, p′) =
∫
d4k
(2pi)4
A(p, k)B(k, p′), (A.8)
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where for the momentum space case we have an additional normalizing factor (2pi)4 which
arises from our definition of the Fourier transformation. All matrices are denoted by having
2 arguments, whereas vectors in continuous space only have 1 argument. We can define a
diagonal matrix as
D(p, p′) = D(p)(2pi)4δ(4)
 
p− p′ , (A.9)
with the vector D(p). Inverse matrices are defined as follows
A−1 · A= 1, (A.10)∫
d4 yA−1(x , y)A(y, x ′) = δ(4)(x − x ′), (A.11)∫
d4k
(2pi)4
A−1(p, k)A(k, p′) = (2pi)4δ(4)
 
p− p′ . (A.12)
A.3 Fourier Transformations
In analogy to the standard definitions of Fourier transformations of functions, the Fourier trans-
formation for a vector is straightforward
f (p) =
∫
d4xe−ipx f (x), (A.13)
f (x) =
∫
d4p
(2pi)4
eipx f (p). (A.14)
To transform a matrix in coordinate or momentum space we use two integrals and two expo-
nential functions
F(p, p′) =
∫
d4x
∫
d4x ′eipx F(x , x ′)e−ip′x ′, (A.15)
F(x , x ′) =
∫
d4p
(2pi)4
∫
d4p′
(2pi)4
e−ipx F(p, p′)eip′x ′. (A.16)
One special case we have to consider is the transformation of a Hamiltonian of the form
H(x) = ∂x +∆e
iqx . (A.17)
While this might look like a vector in coordinate space, the presence of the derivative changes
the situation and a straightforward transformation would not yield correct results. Therefore
we treat such objects as diagonal matrices and write
H(x , x ′) = δ(4)(x − x ′) H(x) (A.18)
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and perform the transformation as we would for any other matrix
H(p, p′) =
∫
d4x
∫
d4x ′eipxH(x , x ′)e−ip′x ′ (A.19)
=
∫
d4x
∫
d4x ′eipxδ(4)(x − x ′) ∂x +∆eiqx e−ip′x ′ (A.20)
=
∫
d4xeipx

∂x +∆e
iqx

e−ip′x (A.21)
=
∫
d4x
−ip′ei(p−p′)x +∆ei(p+q−p′)x (A.22)
= −ip′(2pi)4δ(4)  p− p′+∆(2pi)4δ(4)  p+ q− p′ . (A.23)
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B Gap Equation and Mesons in the
Homogeneous Phase
Here we will give some of the details on how to calculate the gap equation and mesons in the ho-
mogeneous NJL model. A lot of these calculations are very similar to the inhomogeneous ones,
but with much more compact expressions, which makes it easier to understand the concepts
going into these calculations.
We will start out with the calculations of the Matsubara sum in the gap equation, before we
turn to the polarization loop.
B.1 Matsubara Formalism in the Homogeneous Gap Equation
The integral from Section 3.2.1 that we are interested in is
i I1 = i
∫
d4k
(2pi)4
1
k2 −M2 + i" , (B.1)
or after the introduction of the Matsubara formalism
i I1 = −T
∞∑
m=−∞
∫
d3k
(2pi)3
1
(iωm +µ)2 − E2k
(B.2)
= −T
∞∑
m=−∞
∫
d3k
(2pi)3
1
2Ek

1
iωm +µ− Ek −
1
iωm +µ+ Ek

, (B.3)
where in the second step we performed a partial fraction decomposition in the integrand. The
sum over the Matsubara frequencies can be interpreted as a sum over residues, which invites to
use the residue theorem backward to arrive at
i I1 =
1
2pii
∮
Γ
dz
∫
d3k
(2pi)3
1
2Ek
1
exp(z/T ) + 1

1
z +µ− Ek −
1
z +µ+ Ek

, (B.4)
Figure B.1.: Illustration of the integration contours used to derive the integral i I1.
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with the integration contour Γ , illustrated in Figure B.1 on the left and the function chosen so
that it has poles, where z = iωm. By a transformation of the contour Γ ′ we can use the residue
theorem forward to integrate over the simple poles on the real axis
i I1 =
1
2pii
∮
Γ ′
dz
∫
d3k
(2pi)3
1
2Ek
1
exp(z/T ) + 1

1
z +µ− Ek −
1
z +µ+ Ek

(B.5)
= −
∫
d3k
(2pi)3
1
2Ek

1
exp((Ek −µ)/T ) + 1 −
1
exp((−Ek −µ)/T ) + 1

. (B.6)
We introduce Fermi distribution functions
nF(z) =
h
1+ exp
 z
T
i−1
, (B.7)
with the property nF(−z) = 1− nF(z), which allows us to write the integral
i I1 =
∫
d3k
(2pi)3

1
2Ek
− 1
2Ek

nF(Ek −µ) + n f (Ek +µ)

. (B.8)
B.2 Homogeneous Polarization Loop
For the polarization loop we start of by separating the expression from the trace into two sepa-
rate integrals, before we perform the Matsubara formalism for the fermionic frequencies.
B.2.1 Separation of the Integrals
From the definition of the polarization loop we obtain the expression for σ
Jσ(p) = i
∫
d4k
(2pi)4
tr

/k+ /p+M
(k+ p)2 −M2 + i" ·
/k+M
k2 −M2 + i"

(B.9)
= i
∫
d4k
(2pi)4
tr

k2 + k · p+ 2/kM + /pM +M2
((k+ p)2 −M2 + i")(k2 −M2 + i")

(B.10)
= 4N f Nc i
∫
d4k
(2pi)4
k2 + k · p+M2
((k+ p)2 −M2 + i")(k2 −M2 + i") . (B.11)
By adding and subtracting in the denominator, we get the form
Jσ(p) = 4N f Nc

i
∫
d4k
(2pi)4
1
k2 −M2 + i" (B.12)
− i
∫
d4k
(2pi)4
k · p+ p2 − 2M2
((k+ p)2 −M2 + i")(k2 −M2 + i")

.
We can show ∫
d4k
(2pi)4
2k · p+ p2
((k+ p)2 −M2 + i")(k2 −M2 + i") (B.13)
=
∫
d4k
(2pi)4
−2k · p− p2
((k+ p)2 −M2 + i")(k2 −M2 + i") = 0, (B.14)
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by applying the substitution k → −k − p, which allows us to replace k · p = −p2/2 in the
polarization loop
Jσ(p) = 4N f Nc

i
∫
d4k
(2pi)4
1
k2 −M2 + i" (B.15)
− i
∫
d4k
(2pi)4
p2/2− 2M2
((k+ p)2 −M2 + i")(k2 −M2 + i")

= 4N f Nc i
∫
d4k
(2pi)4
1
k2 −M2 + i" (B.16)
− 2N f Nc(p2 − 4M2)i
∫
d4k
(2pi)4
1
((k+ p)2 −M2 + i")(k2 −M2 + i")
= 4N f Nc i I1 − 2N f Nc(p2 − 4M2)i I2(p), (B.17)
where we identified the integral i I1, which we already discussed in the last section and defined
the integral i I2(p), which we will treat in the upcoming section.
The calculation for the pion polarization loop is analogous and yields
Jpi(p) = 4N f Nc i I1 − 2N f Nc p2 i I2(p). (B.18)
B.2.2 Evaluating the Integral i I2(p)
The integral is given by
i I2(p) = i
∫
d4k
(2pi)4
1
((k+ p)2 −M2 + i")(k2 −M2 + i") . (B.19)
We start of by introducing the Matsubara formalism, similar to the gap equation. Here however,
we have bosonic momenta p, in addition to the fermionic momenta k. We will use the subscript
n for the fermionic frequencies iωn = (2n + 1)piiT and the subscript m for the bosonic ones
iωm = 2pimiT , which both run over the whole set of integers. The integral reads
i I2(iωm, ~p) = −T
∞∑
n=−∞
∫
d3k
(2pi)3
1
((iωn +µ+ iωm)2 − E2p + i")((iωn +µ)2 − E2k + i")
. (B.20)
Here in addition to the energies Ek =
p
~k2 +M2, we also defined the energies depending on
~k+ ~p, Ep =
q
(~k+ ~p)2 +M2.
Again, we will use the residue theorem backwards, introducing the Fermi distribution nF(z)
i I2(iωm, ~p) =
∫
d3k
(2pi)3
1
2pii
∮
Γ
dz
nF(z)
((z +µ+ iωm)2 − E2p + i")((z +µ)2 − E2k + i")
, (B.21)
with the integration contour Γ sketched in Figure B.2.
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Figure B.2.: Sketch of the integration contours for the integral i I2(p)
We can deform the integration contour to Γ ′, running over the poles z1,2 = ±Ek − µ and
z3,4 = ±Ep −µ+ iωm. Applying the residue theorem again, we get the sum
i I2(iωM , ~p) = −
∫
d3k
(2pi)3
4∑
i=1
Reszi
nF(z)
((z +µ+ iωm)2 − E2p + i")((z +µ)2 − E2k + i")
(B.22)
= −
∫
d3k
(2pi)3

nF(Ek −µ)
2Ek(Ek + iωm − Ep)(Ek + iωm + Ep)
+
nF(−Ek −µ)
−2Ek(−Ek + iωm − Ep)(−Ek + iωm + Ep) (B.23)
+
nF(Ep − iωm −µ)
2Ep(Ep − iωm − Ek)(Ep − iωm + Ek)
+
nF(−Ep − iωm −µ)
−2Ep(−Ep − iωm − Ek)(−Ep − iωm + Ek)

.
Now we can use several properties to simplify this expression. First of all, the Fermi distribution
is periodic in 2piiT k, k ∈ Z, and therefore in the bosonic Matsubara frequencies nF(z + iωm) =
nF(z). Furthermore we can make the substitution ~k→−~k− ~p in the third and fourth summands
of the integrand, which simplifies the expression to
i I2(iωM , ~p) = −
∫
d3k
(2pi)3

nF(Ek −µ)
2Ek(Ek + iωm − Ep)(Ek + iωm + Ep)
− nF(−Ek −µ)
2Ek(Ek − iωm + Ep)(Ek − iωm − Ep) (B.24)
+
nF(Ek −µ)
2Ek(Ek − iωm − Ep)(Ek − iωm + Ep)
− nF(−Ek −µ)
2Ek(Ek + iωm + Ep)(Ek + iωm − Ep)

.
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After performing a partial fraction decomposition and some further simplifications, we can write
this expression as
i I2(iωm, ~p) =
∫
d3k
(2pi)3
nF(−Ek −µ)− nF(Ek −µ)
4EkEp
× (B.25)
×

2(Ek − Ep)
(Ek − Ep)2 − (iωm)2 −
2(Ek + Ep)
(Ek + Ep)2 − (iωm)2

and with the abbreviations sk,p = Ep+ Ek and dk,p = Ep− Ek and using nF(−z) = 1−nF(z) again,
we find
i I2(iωm, ~p) =
∫
d3k
(2pi)3
1− nF(Ek +µ)− nF(Ek −µ)
2EkEp

dk,p
(iωm)2 − d2k,p
+
sk,p
(iωm)2 − s2k,p

. (B.26)
We can further simplify this expression to
i I2(iωm, ~p) =
∫
d3k
(2pi)3

1
Ek
− nF(Ek +µ) + nF(Ek −µ)
2EkEp
sk,p

1
(iωm)2 − s2k,p
(B.27)
− nF(Ek +µ)− nF(Ek −µ)
2EkEp
dk,p
(iωm)2 − d2k,p

.
To calculate the masses of mesons we need the retarded version of this integral, which we can
obtain, by making the analytic continuation iωm→ p0 + i".
This integral still has poles, which makes the numerical evaluation complicated and prone for
errors. The most stable and fastest way to evaluate the integral is via it’s imaginary part, which
is related to the real part via the Kramers-Kronig relation
Re (i I2(p0, ~p)) =
1
pi
PV
∫ ∞
−∞
dω
Im (i I2(ω, ~p))
ω− p0 . (B.28)
To get the imaginary part, we employ the Sokhotski-Plemelj theorem stating
lim
"→0 Im

1
x ± i"

= ∓piδ(x). (B.29)
Now we can use this on the expression in Equation (B.27) after the analytic continuation and
write
Im (i I2(p0, ~p)) = −pi
∫
d3k
(2pi)3

1
2Ek sk,p
− nF(Ek +µ) + nF(Ek −µ)
4EkEp
 
δ(p0 − sk,p)−δ(p0 + sk,p)

(B.30)
− nF(Ek +µ)− nF(Ek −µ)
4EkEp
 
δ(p0 − dk,p)−δ(p0 + dk,p)

.
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Since the integral only depends on the energies Ek and Ep and not on the momenta directly, we
can substitute the integration variables k = |~k| and cosθ , the angle between ~k and ~p, which
yields
Im (i I2(p0, ~p)) =
− 1
16pi|~p|
∫ ∞
M
dEk
∫ E+p
E−p
dEp

2Ep
sk,p
 
δ(p0 − sk,p)−δ(p0 + sk,p)

(B.31)
− (nF(Ek +µ) + nF(Ek −µ))
 
δ(p0 − dk,p)−δ(p0 + dk,p) +δ(p0 − sk,p)−δ(p0 + sk,p)

,
where
E±p =
q
M2 + (|~k| ± |~p|)2 =
s
M2 +
q
E2k −M2 ± |~p|
2
. (B.32)
The delta functions are all of the form δ(p0 ± Ek ± Ep) and we can integrate them out by inte-
grating over Ep. For p
2 = p20 − ~p2 > 0 we find
Im (i I2(p0, ~p)) =− 116pi|~p|θ (p
2 − 4M2)
θ (p0)
∫ p0
2 +
p
∆
p0
2 −
p
∆
dEk

2
p0 − Ek
p0
− (nF(Ek +µ) + nF(Ek −µ))

(B.33)
θ (−p0)
∫ − p02 +p∆
− p02 −
p
∆
dEk

2
p0 + Ek
p0
− (nF(Ek +µ) + nF(Ek −µ))

and for p2 = p20 − ~p2 < 0
Im (i I2(p0, ~p)) =
1
16pi|~p|
∫ ∞
− p02 +
p
∆
dEk (nF(Ek +µ) + nF(Ek −µ)) (B.34)
−
∫ ∞
p0
2 +
p
∆
dEk (nF(Ek +µ) + nF(Ek −µ))

.
Here we defined
p
∆=
|~p|
2
√√p2 − 4M2
p2
. (B.35)
After some additional simplifications we can integrate over the remaining energies, which leads
to
p2 > 0:
Im (i I2(p0, ~p)) =− 116piθ (p
2 − 4M2)σp0
√√p2 − 4M2
p2
(B.36)
+
T
|~p| log
1+ e− 1T  p02 +p∆−µ
1+ e−
1
T
 p02 −p∆−µ
+ T|~p| log
1+ e− 1T  p02 +p∆+µ
1+ e−
1
T
 p02 −p∆+µ
,
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p2 < 0:
Im (i I2(p0, ~p)) =− T16pi|~p|σp0

log
1+ e− 1T p∆+ p02 −µ
1+ e−
1
T
p
∆−
 p02 −µ
+ log
1+ e− 1T p∆+ p02 +µ
1+ e−
1
T
p
∆−
 p02 +µ
.
(B.37)
The vacuum part in Equation (B.36) still has to be regularized. This can be done by simply
replacing the masses with the Pauli-Villars masses.
Armed with these expression we can calculate the real parts of the integral with the Kramers-
Kronig relation, which leads to the results shown in Section 3.2.2.
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C Details on Inhomogeneous Propagators
and the Gap Equation
C.1 Mass Function from the Chiral Transformations
In Section 4.1 we started from the definition of the condensates
〈ψψ〉= − M
2GS
cos(~q~x), 〈ψiγ5τ3ψ〉= − M
2GS
sin(~q~x) (C.1)
and it remains to be shown, that the combination in Equation (3.53) equals
−2GS
〈ψψ〉+ iγ5τ3〈ψiγ5τ3ψ〉= M exp(iγ5τ3~q~x). (C.2)
To do so we start from the slightly more general formulation of the exponential function in
the mass function, with ±α ∈ R an additional multiplicative factor that will be convenient later
e±iγ5τ3α~q~x =
∑
n
1
n!
 ±iγ5τ3α~q~xn (C.3)
=
∑
n
1
(2n)!
 ±iγ5τ3α~q~x2n +∑
n
1
(2n+ 1)!
 ±iγ5τ3α~q~x2n+1 (C.4)
and with (γ5τ3)2 = 1, we can write
e±iγ5τ3α~q~x = 1
∑
n
(−1)n
(2n)!
(α~q~x)2n ± iγ5τ3∑
n
(−1)n
(2n+ 1)!
(~q~x)2n+1 (C.5)
= 1 cos(α~q~x)± iγ5τ3 sin(α~q~x), (C.6)
with the series representation of sine and cosine. With α = 1 and the positive sign we find that
this fulfills (C.2), with the definitions (C.1).
Now we want to show how to perform a Fourier transformation on the mass function. With
the additional ±α, this applies for the chiral transformation matrices U(~x) as well if we set
α= 1/2. With the definition of the Fourier transformation from Appendix A∫
d4x
∫
d4x ′eipxδ(4)(x − x ′)e±iγ5τ3α~q~x e−ip′x ′ (C.7)
=
∫
d4x ei(p−p′)x

1 cos(α~q~x)± iγ5τ3 sin(α~q~x) (C.8)
=
∫
d4x ei(p−p′)x

1
2
(1± γ5τ3)eiα~q~x + 1
2
(1∓ γ5τ3)e−iα~q~x

(C.9)
=
1
2

(1± γ5τ3)(2pi)4δ(4)  p− p′ +α~q+ (1∓ γ5τ3)(2pi)4δ(4)  p− p′ −α~q . (C.10)
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C.2 Inverting the Gap Equation
We start from Equation (4.26)
iS(p′, p) = iS0(p′, p) +
∫
d4p1
(2pi)4
∫
d4p2
(2pi)4
iS0(p
′, p2)(−iΣ(p2, p1))iS(p1, p) (C.11)
and multiply with the inverse bare propagator S−10 (r ′, p′) from the left, the full inverse propaga-
tor S−1(p, r) from the right and integrate over the momenta p and p′
i
∫
d4p′
(2pi)4
S−10 (r ′, p′)
∫
d4p
(2pi)4
S(p′, p)S−1(p, r) (C.12)
= i
∫
d4p′
(2pi)4
∫
d4p
(2pi)4
S−10 (r ′, p′)S0(p′, p)S−1(p, r)
+ i
∫
d4p′
(2pi)4
∫
d4p
(2pi)4
∫
d4p1
(2pi)4
∫
d4p2
(2pi)4
S−10 (r ′, p′)S0(p′, p2)Σ(p2, p1)S(p1, p)S−1(p, r)
and with the definitions of the inverse matrix in momentum space∫
d4p′
(2pi)4
S−10 (r ′, p′)(2pi)4δ(4)
 
p′ − r= ∫ d4p
(2pi)4
(2pi)4δ(4)
 
r ′ − pS−1(p, r) (C.13)
+
∫
d4p2
(2pi)4
∫
d4p1
(2pi)4
(2pi)4δ(4)
 
r ′ − p2

Σ(p2, p1)(2pi)
4δ(4) (p1 − r)
⇒ S−10 (r ′, r) = S−1(r ′, r) +Σ(r ′, r) (C.14)
⇒ S−1(p′, p) = S−10 (p′, p)−Σ(p′, p), (C.15)
where in the last step we relabeled the momenta to read p and p′ again.
C.3 Matsubara Formalism for the Gap Equation
In order to calculate the Matsubara sum we follow largely the same steps as for the homoge-
neous case (see Section B.1).
Here we start from the gap equation where we already took the trace over the propagator and
made the replacements for the Matsubara formalism
M = −8GSN f NcMT
∑
m
∫
d3k
(2pi)3
(iωm +µ)2 −
 
E2+(~k) + E
2−(~k)

/2+ 2Q2 
(iωm +µ)2 − E2+(~k)
  
(iωm +µ)2 − E2−(~k)
 . (C.16)
We can interpret the sum as a sum over residues, following the residue theorem. We are search-
ing for a function that has poles at all Matsubara frequencies. Here we take
nF(z) = (1+ exp(z/T ))
−1 , (C.17)
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which has the residue −T and an integration contour Γ of infinitesimal width in real direction
around it. We can write
M = 8GSN f NcM
1
2pii
∮
Γ
dz
∫
d3k
(2pi)3
nF(z)
(z +µ)2 −  E2+(~k) + E2−(~k)/2+ 2Q2 
(z +µ)2 − E2+(~k)
  
(z +µ)2 − E2−(~k)
 (C.18)
We can deform the path Γ to a path Γ ′ which includes the residues from the denominator
z1..4 = ±E±(~k)−µ. By doing so, we can utilize the residue theorem again
1
2pii
∮
Γ ′
dz
∫
d3k
(2pi)3
nF(z)
(z +µ)2 −  E2+(~k) + E2−(~k)/2+ 2Q2 
(z +µ)2 − E2+(~k)
  
(z +µ)2 − E2−(~k)
 (C.19)
= −
4∑
i=1
∫
d3k
(2pi)3
Resz=zinF(z)
(z +µ)2 −  E2+(~k) + E2−(~k)/2+ 2Q2 
(z +µ)2 − E2+(~k)
  
(z +µ)2 − E2−(~k)
 ,
where we picked up an additional -1 from the winding number of Γ ′. Carrying out the sum over
the residues we find
−
∫
d3k
(2pi)3

nF(E+(~k)−µ) E
2
+(~k)−
 
E2+(~k) + E
2−(~k)

/2+ 2Q2
2E+(~k)
 
E+(~k)− E−(~k)
  
E+(~k) + E−(~k)
 (C.20)
− nF(−E+(~k)−µ) E
2
+(~k)−
 
E2+(~k) + E
2−(~k)

/2+ 2Q2
2E+(~k)
 −E+(~k)− E−(~k)  −E+(~k) + E−(~k)
+ nF(E−(~k)−µ) E
2−(~k)−
 
E2+(~k) + E
2−(~k)

/2+ 2Q2
2E−(~k)
 
E−(~k)− E+(~k)
  
E−(~k) + E+(~k)

− nF(−E−(~k)−µ) E
2−(~k)−
 
E2+(~k) + E
2−(~k)

/2+ 2Q2
2E−(~k)
 −E−(~k)− E+(~k)  −E−(~k) + E+(~k)

=
∫
d3k
(2pi)3

E2+(~k)− E2−(~k) + 4Q2
4E+(~k)
 
E2+(~k)− E2−(~k)
  nF(−E+(~k)−µ)− nF(E+(~k)−µ)
+
E2−(~k)− E2+(~k) + 4Q2
4E−(~k)
 
E2−(~k)− E2+(~k)
  nF(−E−(~k)−µ)− nF(E−(~k)−µ).
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With nF(−z) = 1− nF(z) we find the gap-equation to be
M = 8GSN f NcM
∫
d3k
(2pi)3

E2+(~k)− E2−(~k) + 4Q2
4E+(~k)
 
E2+(~k)− E2−(~k)
  1− nF(E+(~k) +µ)− nF(E+(~k)−µ)
(C.21)
+
E2−(~k)− E2+(~k) + 4Q2
4E−(~k)
 
E2−(~k)− E2+(~k)
  1− nF(E−(~k) +µ)− nF(E−(~k)−µ)
= 8GSN f NcM
∫
d3k
(2pi)3
 Æ
k2z +M2 +Q
4E+(~k)
Æ
k2z +M2
 
1− nF(E+(~k) +µ)− nF(E+(~k)−µ)

(C.22)
+
Æ
k2z +M2 −Q
4E−(~k)
Æ
k2z +M2
 
1− nF(E−(~k) +µ)− nF(E−(~k)−µ)

= 2GSN f NcM
∫
d3k
(2pi)3
1Æ
k2z +M2
Æ
k2z +M2 +Q
E+(~k)
 
1− nF(E+(~k) +µ)− nF(E+(~k)−µ)

(C.23)
+
Æ
k2z +M2 −Q
E−(~k)
 
1− nF(E−(~k) +µ)− nF(E−(~k)−µ)

.
88 C. Details on Inhomogeneous Propagators and the Gap Equation
D Details on the Calculations in the
Bethe-Salpeter Equation
D.1 Resummation of the Bethe-Salpeter Equation
In this section we want to show how to do the resummation of the BSE in the case of inhomo-
geneous propagators. We will do everything in collective indices, denoted by lower case Greek
letters α,β , · · · , where summation over reoccurring indices is implied. These indices encapsulate
Dirac , color and flavor structure, as well as momentum dependence.
From the figure we get the equation
−ΓαDαβ Γ¯β = ΓαKαβ Γ¯β + ΓαKαγΓ¯γJˆΓδKδβ Γ¯δ + ΓαKαγΓ¯γJˆΓδKδεΓ¯εJˆΓφKφβ Γ¯β + · · · (D.1)
We leave the first summand untouched and from the second summand onwards we take out the
part ΓαKαγΓ¯γJˆ
−ΓαDαβ Γ¯β = ΓαKαβ Γ¯β + ΓαKαγΓ¯γJˆ
 
ΓδKδβ Γ¯β + ΓδKδεΓ¯εJˆΓφKφβ Γ¯β + · · ·

(D.2)
and since this is an infinite sum, we can identify it with −ΓδDδβ Γ¯β , which leads to the resummed
equation
−ΓαDαβ Γ¯β = ΓαKαβ Γ¯β − ΓαKαγΓ¯γJˆΓδDδβ Γ¯δ, (D.3)
which is exactly what we start our calculation off in Equation (6.4).
D.2 Transformation for the Meson Type
From the Lagrangian of the model, we get two types of vertices in Dirac and flavor space: 1 and
iγ5τ3. If we also take momentum space into account we find four distinct vertices we have to
deal with
(Γσ(p))k′,k = 1(2pi)
4δ(4)
 
k′ − k− p ,  Γ¯σ(p)k′,k = 1(2pi)4δ(4)  k′ − k+ p , (D.4)
(Γpi(p))k′,k = iγ5τ3(2pi)
4δ(4)
 
k′ − k− p ,  Γ¯pi(p)k′,k = iγ5τ3(2pi)4δ(4)  k′ − k+ p , (D.5)
which is diagrammatically
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k′
k
p
M(ΓM (p))k′,k =
, k′
kp
M
(
Γ¯M (p)
)
k′,k =
.
We already know which vertices we want in the end, namely those, where the transformations
on the inner momenta from the propagators and the transformations of the outer momenta from
the vertices cancel out. We can calculate the desired vertices from 
Γ ′M(p)

k′,k =
∫
d4r ′
(2pi)4
∫
d4r
(2pi)4
U†(k′, r ′) (ΓM(p))r′,r U†(r, k), (D.6) 
Γ¯ ′M(p)

k′,k =
∫
d4r ′
(2pi)4
∫
d4r
(2pi)4
U†(k′, r ′)
 
Γ¯M(p)

r′,r U
†(r, k), (D.7)
which results in 
Γ ′σ(p)

k′,k =
1
2

(1+ γ5τ3)(2pi)
4δ(4)
 
k′ − k− p+ q+ (1− γ5τ3)(2pi)4δ(4)  k′ − k− p− q ,
(D.8) 
Γ¯ ′σ(p′)

k′,k =
1
2

(1+ γ5τ3)(2pi)
4δ(4)
 
k′ − k+ p′ + q+ (1− γ5τ3)(2pi)4δ(4)  k′ − k+ p′ − q ,
(D.9) 
Γ ′pi(p)

k′,k =
i
2

(1+ γ5τ3)(2pi)
4δ(4)
 
k′ − k− p+ q+ (−1+ γ5τ3)(2pi)4δ(4)  k′ − k− p− q ,
(D.10) 
Γ¯ ′pi(p′)

k′,k =
i
2

(1+ γ5τ3)(2pi)
4δ(4)
 
k′ − k+ p′ + q+ (−1+ γ5τ3)(2pi)4δ(4)  k′ − k+ p′ − q .
(D.11)
We can this express in terms of the untransformed vertices as
Γ ′σ(p) =
1
2
[Γσ(p− q) + Γσ(p+ q)− iΓpi(p− q) + iΓpi(p+ q)] , (D.12)
Γ¯ ′σ(p′) =
1
2

Γ¯σ(p
′ − q) + Γ¯σ(p′ + q) + iΓ¯pi(p′ − q)− iΓ¯pi(p′ + q)

, (D.13)
Γ ′pi(p) =
1
2
[iΓσ(p− q)− iΓσ(p+ q) + Γpi(p− q) + Γpi(p+ q)] , (D.14)
Γ¯ ′pi(p′) =
1
2
−iΓ¯σ(p′ − q) + iΓ¯σ(p′ + q) + Γ¯pi(p′ − q) + Γ¯pi(p′ + q) . (D.15)
Now we want transformations on the external momenta p′ and p which ensure
Γ¯ ′α =Wαβ Γ¯β and Γ ′α = ΓβW
†
βα
(D.16)
and we find these to be
Wσσ(p
′, k) = 1
2

(2pi)4δ(4)
 
p′ + q− k+ (2pi)4δ(4)  p′ − q− k , (D.17)
Wσpi(p
′, k) = i
2
−(2pi)4δ(4)  p′ + q− k+ (2pi)4δ(4)  p′ − q− k , (D.18)
Wpiσ(p
′, k) = i
2

(2pi)4δ(4)
 
p′ + q− k− (2pi)4δ(4)  p′ − q− k=W ∗σpi(p′, k), (D.19)
Wpipi(p
′, k) = 1
2

(2pi)4δ(4)
 
p′ + q− k+ (2pi)4δ(4)  p′ − q− k=Wσσ(p′, k) (D.20)
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and
W †σσ(k, p) =
1
2

(2pi)4δ(4) (p+ q− k) + (2pi)4δ(4) (p− q− k) , (D.21)
W †σpi(k, p) =
i
2
−(2pi)4δ(4) (p+ q− k) + (2pi)4δ(4) (p− q− k) , (D.22)
W †piσ(k, p) =
i
2

(2pi)4δ(4) (p+ q− k)− (2pi)4δ(4) (p− q− k)=  W †σpi(k, p)∗ , (D.23)
W †pipi(k, p) =
1
2

(2pi)4δ(4) (p+ q− k) + (2pi)4δ(4) (p− q− k)=W †σσ(k, p). (D.24)
These transformations are unitary, so that
WW † ≡
∫
d4k
(2pi)4
∑
N
WM ′N (p′, k)W †NM(k, p) = δM ′M(2pi)4δ(4)
 
p′ − p 1D, f ,c. (D.25)
Now we want to impose these transformations on the polarization loop, to see if they have the
desired effects. From the polarization loop we get
k3
k2p′
M ′
k1
k4
p
M
JM ′M(p′p) = i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯M ′(p′)

k3,k2
iS(k2, k1) (ΓM(p))k1,k4 iS(k4, k3)

(D.26)
=: iTr

Γ¯M ′(p′)iSΓM(p)iS

, (D.27)
where in the second line the trace goes over momentum space, as well as the usual color-,
flavor- and Dirac space and internal momenta need not be displayed. We get the transformed
polarization loop by applying our transformations
J ′M ′M(p
′, p) = i
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
∑
N ′,N
WM ′N ′(p′, k′)Tr

Γ¯N ′(k′)iSΓN (k)iS

W †NM(k, p). (D.28)
D.3 Traces in the Polarization Loop
Now we want to calculate the traces in the polarization loop
J ′M ′M(p
′, p) = i
 
4∏
j=1
∫
d4k j
(2pi)4
!
tr
 
Γ¯ ′M ′(p
′)

k3,k2
iS(k2, k1)
 
Γ ′M(p)

k1,k4
iS(k4, k3)

. (D.29)
By replacing the propagator with the transformations from Chapter 4
S(k, k′) =
∫
d4r
(2pi)4
∫
d4r ′
(2pi)4
U(k, r)S′(r)(2pi)4δ(4)
 
r − r ′U(r ′, k′) (D.30)
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we find
J ′M ′M(p
′, p) = i
 
4∏
j=1
∫
d4k j
(2pi)4
! 
4∏
j=1
∫
d4r j
(2pi)4
!
×
× tr
 
Γ¯ ′M ′(p
′)

k3,k2
U(k2, r2)iS(r2)(2pi)
4δ(4) (r2 − r1)U(r1, k1) (D.31)
×  Γ ′M(p)k1,k4 U(k4, r4)iS(r4)(2pi)4δ(4)  r4 − r3U(r3, k3)
= i
 
4∏
j=1
∫
d4k j
(2pi)4
!∫
d4r1
(2pi)4
∫
d4r3
(2pi)4
× (D.32)
× tr

U(r3, k3)
 
Γ¯ ′M ′(p
′)

k3,k2
U(k2, r1)iS(r1)U(r1, k1)
 
Γ ′M(p)

k1,k4
U(k4, r3)iS(r3)

.
Here we can define new vertices
 
Γ¯ ′′M ′(p
′)

r3,r1
=
∫
d4k3
(2pi)4
∫
d4k2
(2pi)4
U(r3, k3)
 
Γ¯ ′M ′(p
′)

k3,k2
U(k2, r1), (D.33) 
Γ ′′M(p)

r1,r3
=
∫
d4k1
(2pi)4
∫
d4k4
(2pi)4
U(r1, k1)
 
Γ ′M(p)

k1,k4
U(k4, r3) (D.34)
and from the way we found the primed vertices in Equations (D.6) and (D.7) we immediately
see, that the double primed vertices equal the untransformed vertices
 
Γ¯ ′′M ′(p
′)

r3,r1
=
 
Γ¯M ′(p′)

r3,r1
,
 
Γ ′′M(p)

r1,r3
= (ΓM(p))r1,r3 . (D.35)
Therefore the transformed polarization loop can be written as
J ′M ′M(p
′, p) = i
∫
d4r1
(2pi)4
∫
d4r3
(2pi)4
tr
 
Γ¯M ′(p′)

r3,r1
iS′(r1) (ΓM(p))r1,r3 iS
′(r3)

(D.36)
= i
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
tr
 
Γ¯M ′(p′)

k,k′ iS
′(k′) (ΓM(p))k′,k iS′(k)

, (D.37)
where in the second step we just relabeled the internal momenta.
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The four possible combinations of vertices are
J ′σσ(p′, p) = i
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
tr

1(2pi)4δ(4)
 
k− k′ + p′ iS′(k′)× (D.38)
×1(2pi)4δ(4)  k′ − k− p iS′(k)
= i
∫
d4k
(2pi)4
tr

iS′(k+ p′)iS′(k)

(2pi)4δ(4)
 
p′ − p , (D.39)
J ′pipi(p′, p) = i
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
tr

iγ5τ3(2pi)
4δ(4)
 
k− k′ + p′ iS′(k′)× (D.40)
× iγ5τ3(2pi)4δ(4)
 
k′ − k− p iS′(k)
= i
∫
d4k
(2pi)4
tr

iγ5τ3iS
′(k+ p′)iγ5τ3iS′(k)

(2pi)4δ(4)
 
p′ − p , (D.41)
J ′σpi(p′, p) = i
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
tr

1(2pi)4δ(4)
 
k− k′ + p′ iS′(k′)× (D.42)
× iγ5τ3(2pi)4δ(4)
 
k′ − k− p iS′(k)
= i
∫
d4k
(2pi)4
tr

iS′(k+ p′)iγ5τ3iS′(k)

(2pi)4δ(4)
 
p′ − p , (D.43)
J ′piσ(p′, p) = i
∫
d4k′
(2pi)4
∫
d4k
(2pi)4
tr

iγ5τ3(2pi)
4δ(4)
 
k− k′ + p′ iS′(k′)× (D.44)
×1(2pi)4δ(4)  k′ − k− p iS′(k)
= i
∫
d4k
(2pi)4
tr

iγ5τ3iS
′(k+ p′)iS′(k)

(2pi)4δ(4)
 
p′ − p . (D.45)
Now we can actually calculate the traces with the propagators
S′(k) = 1
N(k)

A(k) + γ5τ3B(k) + γµC
µ(k) + γ5τ3γµD
µ(k) + γ5τ3γµγνE
µν(k)

, (D.46)
γ5τ3S
′(k) = 1
N(k)

B(k) + γ5τ3A(k) + γµD
µ(k) + γ5τ3γµC
µ(k) + γµγνE
µν(k)

. (D.47)
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This yields
J ′σσ(p′, p) = i
∫
d4k
(2pi)4
−4(2pi)4δ(4) (p′ − p)
N(k+ p′)N(k)

A(k+ p′)A(k) + B(k+ p′)B(k) (D.48)
+ gµν
§
B(k+ p′)Eµν(k) + Eµν(k+ p′)B(k)
+ Cµ(k+ p′)Cν(k)− Dµ(k+ p′)Dν(k)
ª
+
 
gµνgρσ − gµρgνσ + gµσgνρ

Eµν(k+ p′)Eρσ(k)

,
J ′pipi(p′, p) = i
∫
d4k
(2pi)4
4(2pi)4δ(4) (p′ − p)
N(k+ p′)N(k)

A(k+ p′)A(k) + B(k+ p′)B(k) (D.49)
+ gµν
§
B(k+ p′)Eµν(k) + Eµν(k+ p′)B(k)
− Cµ(k+ p′)Cν(k) + Dµ(k+ p′)Dν(k)
ª
+
 
gµνgρσ − gµρgνσ + gµσgνρ

Eµν(k+ p′)Eρσ(k)

,
J ′σpi(p′, p) = i
∫
d4k
(2pi)4
−4i(2pi)4δ(4) (p′ − p)
N(k+ p′)N(k)

B(k+ p′)A(k) + A(k+ p′)B(k) (D.50)
− 4iεµνρσEµν(k+ p′)Eρσ(k)
+ gµν
§
A(k+ p′)Eµν(k) + Eµν(k+ p′)A(k)
+ Cµ(k+ p′)Dν(k)− Dµ(k+ p′)Cν(k)
ª
,
J ′piσ(p′, p) = i
∫
d4k
(2pi)4
−4i(2pi)4δ(4) (p′ − p)
N(k+ p′)N(k)

B(k+ p′)A(k) + A(k+ p′)B(k) (D.51)
− 4iεµνρσEµν(k+ p′)Eρσ(k)
+ gµν
§
A(k+ p′)Eµν(k) + Eµν(k+ p′)A(k)
− Cµ(k+ p′)Dν(k) + Dµ(k+ p′)Cν(k)
ª
.
This will simplify in some ways once we enter the functions A to E, i.e. the part with the Levi-
Civita symbol will vanish, but of course the expressions will be much longer. To highlight the
differences in the different vertex components one can write in shorthand
fABE = A(k+ p
′)A(k) + B(k+ p′)B(k) + gµν

B(k+ p′)Eµν(k) + Eµν(k+ p′)B(k)
	
(D.52)
+
 
gµνgρσ − gµρgνσ + gµσgνρ

Eµν(k+ p′)Eρσ(k),
fCD = gµν

Cµ(k+ p′)Cν(k)− Dµ(k+ p′)Dν(k)	 , (D.53)
gABE = B(k+ p
′)A(k) + A(k+ p′)B(k)− 4iεµνρσEµν(k+ p′)Eρσ(k) (D.54)
+ gµν

A(k+ p′)Eµν(k) + Eµν(k+ p′)A(k)
	
,
gCD = gµν

Cµ(k+ p′)Dν(k)− Dµ(k+ p′)Cν(k)	 . (D.55)
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This allows the polarization loop to be written in a shorter fashion
J ′(p′, p) = i
∫
d4k
(2pi)4
4(2pi)4δ(4) (p′ − p)
N(k+ p′)N(k)
 −( fABE + fCD) −i(gABE + gCD)−i(gABE − gCD) fABE − fCD

, (D.56)
where the matrix is meant as 
σσ σpi
piσ pipi

.
After evaluating gABE we find it vanishes, so the matrix simplifies to
J ′(p′, p) = i
∫
d4k
(2pi)4
4(2pi)4δ(4) (p′ − p)
N(k+ p′)N(k)
−( fABE + fCD) −i gCD
i gCD fABE − fCD

. (D.57)
D.4 Abridged Functions in the Polarization Loop
Common Abbreviations
Since the expressions for the polarization loop are quite long, we introduced a lot of abbrevia-
tions inside the expressions. To help the reader not loose track of all these functions, we list the
in this section
p23 = p
2
0 − p2⊥, (D.58)
Ek,± =
r
k2z + k
2⊥ +M2 +Q2±2Q
q
k2z +M2, (D.59)
Ep,± =
Ç
(kz + pz)2 + (k⊥ + p⊥)2 +M2 +Q2±2Q
Æ
(kz + pz)2 +M2, (D.60)
dk = E
2
k,+ − E2k,− = 4Q
q
k2z +M2, (D.61)
dp = E
2
p,+ − E2p,− = 4Q
Æ
(kz + pz)2 +M2, (D.62)
dk,0 = 4
q
k2z +M2, (D.63)
dp,0 = 4
Æ
(kz + pz)2 +M2, (D.64)
εk,± = Ek,±(k⊥ = 0) =
qk2z +M2±Q , (D.65)
εp,± = Ep,±(k⊥ = 0) =
Æ(kz + pz)2 +M2±Q , (D.66)
∆ε= ε2k,± − ε2p,±, (D.67)
Σε= ε2k,± + ε2p,± + 2Q2, (D.68)
α=
p0
2p23
 
p23 +∆ε

, (D.69)
β =
√√√ p2⊥
4p23

(p23 +∆ε)2
p23
− 4ε2k,±

. (D.70)
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D.4.1 Integrand Functions ji
The first function we introduced, is
j1(k, p) =
−( fABE + fCD) −i gCD
i gCD fABE − fCD

. (D.71)
The next one is 
j2±±±(~k, ~p′)

σσ
(D.72)
=
±±N f Nck⊥
4dkdpEk,±Ep,±

− 4Q2

− 4(k2z −M2)2±dpkzp′z − 8k3z p′z + 8kzM2p′z − 4k2z p′z2 + 4M2p′z2
±4Ek,±Ep,±(−M2 + kz(kz + p′z))− 4k2⊥(−M2 + kz(kz + p′z)) + 4(−M2 + kz(kz + p′z))Q2

±dk

4p′z(kz + p′z)Q2±dp(±Ek,±Ep,± − k2⊥ +M2 − kz(kz + p′z) +Q2)

+ k⊥p′⊥(16(−M2 + kz(kz + p′z))Q2∓±dkdp) cosθ

,
 
j2±±±(~k, ~p′)

pipi
(D.73)
=
±±N f Nck⊥
4dkdpEk,±Ep,±

4Q2

4(k2z −M2)2∓dp(2M2 + kzp′z) + 8k3z p′z − 8kzM2p′z + 4k2z p′z2 − 4M2p′z2
∓4Ek,±Ep,±(M2 + kz(kz + p′z)) + 4k2⊥(M2 + kz(kz + p′z))− 4(M2 + kz(kz + p′z))Q2

±dk

4(−2M2 + p′z(kz + p′z))Q2±dp(±Ek,±Ep,± − k2⊥ −M2 − kz(kz + p′z) +Q2)

+ k⊥p′⊥(16(M2 + kz(kz + p′z))Q2∓±dkdp) cosθ

,
 
j2±±±(~k, ~p′)

σpi
= −   j2±±±(~k, ~p′)piσ (D.74)
=
±±iN f Nck⊥Q
4dkdpEk,±Ep,±

16p′z(M2 + kz(kz + p′z))Q2±4dp

±Ek,±Ep,±kz − k2⊥kz − (k2z −M2)(kz + p′z) + kzQ2

∓dk

±dpp′z±4Ek,±Ep,±(kz + p′z)− 4k2⊥(kz + p′z)− 4kz(kz −M + p′z)(kz +M + p′z) + 4(kz + p′z)Q2

+ 4k⊥p′⊥(∓dpkz±dk(kz + p′z)) cosθ

.
For the next one we simply put in the Fermi distributions (and the 1 for the vacuum part) for
readability reasons, so
j3±±±(
~k, ~p′) = [1− nF(Ek,± +µ)− nF(Ek,± −µ)] j2±±±(~k, ~p′) (D.75)
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The fourth function we abbreviated reads
 
j4±±(~k, ~p′)

σσ
(D.76)
=
N f Nc
32dk,0dp,0pi2

− 32k4z − 32M4 − 64k3z p′z±dk,0(−8p′z2Q±dp,0(p23 −Σε))
+ 2M2(16p′z
2 + 8p23∓±dk,0dp,0 − 8Σε) + 2k2z (32M2 − 16p′z2 − 8p23±±dk,0dp,0 + 8Σε)
+ 2kzp
′
z(32M
2 − 8p23±4dp,0Q±±dk,0dp,0∓4dk,0Q+ 8Σε)

,
 
j4±±(~k, ~p′)

pipi
(D.77)
=
N f Nc
32dk,0dp,0pi2

− 32k4z − 32M4 − 64k3z p′z±dk,0(−8p′z2Q±dp,0(p23 −Σε))
+ 2k2z (32M
2 − 16p′z2 − 8p23±±dk,0dp,0 + 8Σε)
+ 2M2(16p′z
2 − 8p23±8dp,0Q±±dk,0dp,0±8dk,0Q+ 8Σε)
+ 2kzp
′
z(32M
2 − 8p23±4dp,0Q±±dk,0dp,0∓4dk,0Q+ 8Σε)

,
 
j4±±(~k, ~p′)

σpi
= −   j4±±(~k, ~p′)piσ (D.78)
=
iN f Nc
16dk,0dp,0pi2

− 2

±2dk,0k3z + 4k2z p′z(2Q±dk,0) + p′z(8M2Q±dk,0(p23 −Σε)) + kz(2p′z2(4Q±dk,0)
±dk,0(−2M2 + p23 −Σε))

±dp,0(4k3z + 4k2z p′z − 4M2p′z±dk,0p′zQ− 2kz(2M2 − p23 +Σε))

.
D.5 Substitution in the Polarization Loop
Starting from the last expression before the substitution
Im
 
J ′(p′)

= −2pi ∑
±±±±
∫ ∞
−∞
dkz
(2pi)3
∫ ∞
−∞
dk⊥ k⊥
∫ ∞
−∞
dc (±± j3±±±(kz, k⊥, c, ~p′)g(c)) (D.79)
×δ  −Ep,±±(Ek,±±p′0)θ (Ek,±)θ (Ep,±)θ (c + 1)θ (1− c)θ (k⊥), (D.80)
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and inserting the substitutions yields
Im
 
J ′(p′)

= −2pi ∑
±±±±
∫ ∞
−∞
dkz
(2pi)3
∫ ∞
−∞
dEk,±
∫ ∞
−∞
dEp,±
±±Ek,±Ep,±
p′⊥
q
E2k,± − ε2k,±
(D.81)
× j3±±±
 
kz,
Ç
E2k,± − ε2k,±,
E2p,± − E2k,± − p′⊥2 +∆ε
2p′⊥
q
E2k,± − ε2k,±
, ~p′
!
× g
 
E2p,± − E2k,± − p′⊥2 +∆ε
2p′⊥
q
E2k,± − ε2k,±
!
δ
 −Ep,±±(Ek,±±p′0)
× θ (Ek,±)θ (Ep,±)θ (
Ç
E2k,± − ε2k,±)
× θ
 
E2p,± − E2k,± − p′⊥2 +∆ε
2p′⊥
q
E2k,± − ε2k,±
+ 1
!
θ
 
1− E
2
p,± − E2k,± − p′⊥2 +∆ε
2p′⊥
q
E2k,± − ε2k,±
!
.
This equation allows to directly integrate over Ep,± to get rid of the delta function, where the
integral boundaries have already been taken care off by the theta functions we introduced
Im
 
J ′(p′)

= −2pi ∑
±±±±
∫ ∞
−∞
dkz
(2pi)3
∫ ∞
−∞
dEk,±
±E2k,± + Ek,±p′0
p′⊥
q
E2k,± − ε2k,±
(D.82)
× j3±±±
 
kz,
Ç
E2k,± − ε2k,±,
p23±Ek,±p′0 +∆ε
2p′⊥
q
E2k,± − ε2k,±
, ~p′
!
g
 
p23±Ek,±p′0 +∆ε
2p′⊥
q
E2k,± − ε2k,±
!
× θ (Ek,±)θ (±(Ek,±±p′0))θ (
Ç
E2k,± − ε2k,±)
× θ
 
p23±Ek,±p′0 +∆ε
2p′⊥
q
E2k,± − ε2k,±
+ 1
!
θ
 
1− p
2
3±Ek,±p′0 +∆ε
2p′⊥
q
E2k,± − ε2k,±
!
.
To proceed we take a closer look at the theta functions, which we split up in terms of the signs
± and ± in the following table
± ±
−1 −1 θ (p23)θ (p0)θ (p23 − ε2k,±)θ (p23 − (εk,± + εp,±)2)χ[α−β ,α+β](Ek,±)
1 −1 θ (p23)θ (−p0)θ (p23 − ε2k,±)θ (p23 − (εk,± + εp,±)2)χ[−α−β ,−α+β](Ek,±)−1 1 θ (p23)[θ (−p0)θ (εp,± − εk,± − |p3|)
+θ (p0)θ (εk,± − |p3|)θ (εk,± − εp,± − |p3|)]χ[α−β ,α+β](Ek,±)
+θ (−p23)χ[α+β ,∞](Ek,±)
1 1 θ (p23)[θ (−p0)θ (εk,± − |p3|)θ (εk,± − εp,± − |p3|)
+θ (p0)θ (εp,± − εk,± − |p3|)]χ[−α−β ,−α+β](Ek,±)
+θ (−p23)χ[−α+β ,∞](Ek,±)
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and we can further simplify this by neglecting redundant theta functions
Ξ±±(Ek,±) = θ (∓)

θ (p23)θ (∓p0)θ (p23 − (εk,± + εp,±)2)χ[∓α−β ,∓α+β](Ek,±)

(D.83)
+ θ (±)

θ (p23)

θ (±p0)θ (εp,± − εk,± − |p3|)
+ θ (∓p0)θ (εk,± − εp,± − |p3|)

χ[∓α−β ,∓α+β](Ek,±)
+ θ (−p23)χ[∓α+β ,∞](Ek,±)

.
The functions χ[a,b] are now the only ones depending on the energy Ek,± and should be under-
stood as defining the integral boundaries in the form∫ ∞
−∞
dx f (x)χ[a,b](x) =
∫ b
a
dx f (x). (D.84)
From here we continue in the main part of this work with Equation (6.87).
D.6 Analytic Evaluation of the Energy Integrals
To evaluate the integrals, we basically need two integrals∫
dz
1p
z2 − a2 = log

z +
p
z2 − a2 , (D.85)∫
dz
1p
a2 − z2 = arctan

zp
a2 − z2

. (D.86)
We start from the vacuum integral for p23 > 0
I+v ac =
∑
±±
∫ ∓α+β
∓α−β
dEk,± (±±±±) 1q−4p23  (Ek,±±α)2 − β2Θ±±±±, (D.87)
where Θ±±±± reminds us, that additional theta functions prohibit us from straightforward sum-
ming up of ± and±, but is of no further interest in this calculation. We can substitute z = Ek,±±α
and after some reordering
I+v ac =
∑
±±
(±±±±)Θ±±±±
2
q
p23
∫ β
−β
dz
1p
β2 − z2 . (D.88)
In this simple form the integral is immediately recognizable and has the value pi, so
I+v ac =
∑
±±
(±±±±)Θ±±±± pi
2
q
p23
. (D.89)
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In the case for p23 < 0 we find
I−v ac =
∑
±±
(±±±±)θ (±)
2
q−p23
∫ ∞
β
dz
1p
z2 − β2 (D.90)
=
∑
±
(±±±)
2
q−p23

log

z +
Æ
z2 − β2∞
β
(D.91)
= 0, (D.92)
where in the last step we evaluated the sum over ±.
Now we turn to the medium part, as said before, we only consider the limit of vanishing
temperatures. For p23 > 0 we have
I+med =
∑
±±
(±±±±)Θ±±±±
2
q
p23
∫ ∓α+β
∓α−β
dEk,±
θ (µ− Ek,±)q 
β2 − (Ek,±±α)2
 (D.93)
and can integrate by parts
I+med =
∑
±±
(±±±±)Θ±±±±
2
q
p23

arctan

Ek,±±αÆ
β2 − (Ek,±±α)2

θ (µ− Ek,±)
∓α+β
∓α−β
(D.94)
+
∫ ∓α+β
∓α−β
dEk,± δ(µ− Ek,±)arctan

Ek,±±αÆ
β2 − (Ek,±±α)2

=
∑
±±
(±±±±)Θ±±±±
2
q
p23

pi
2
[θ (µ±α− β) + θ (µ±α+ β)] (D.95)
+
∫ ∞
−∞
dEk,± δ(µ− Ek,±)arctan

Ek,±±αÆ
β2 − (Ek,±±α)2

×
× θ (∓α+ β − Ek,±)θ (Ek,± − (∓α− β))

=
∑
±±
(±±±±)Θ±±±±
2
q
p23

pi
2
[θ (µ±α− β) + θ (µ±α+ β)] (D.96)
+ arctan

µ±αp
β2 − (µ±α)2

θ (β − (µ±α))θ (β +µ±α))

.
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Now for p23 < 0 we go a similar route, but we keep the upper limit finite L and send it to ∞
later
I−med =
∑
±±
(±±±±)θ (±)
2
q−p23
∫ ∞
∓α+β
dEk,±
θ (µ− Ek,±)Æ
(Ek,±±α)2 − β2
(D.97)
= lim
L→∞
∑
±
(±±±)
2
q−p23

log

Ek,±±α+
q
(Ek,±±α)2 − β2

θ (µ− Ek,±)
L
∓α+β (D.98)
+
∑
±
(±±±)
2
q−p23
∫ ∞
−∞
dEk,±δ(µ− Ek,±) log

Ek,±±α+
q
(Ek,±±α)2 − β2

θ (Ek,± − (∓α+ β))
= lim
L→∞
(±±)
2
q−p23

log

L +α+
Æ
(L +α)2 − β2θ (µ− L)− log (β)θ (µ− (−α+ β))
(D.99)
− logL −α+Æ(L −α)2 − β2θ (µ− L)− log (β)θ (µ− (α+ β))
+
∑
±
(±±±)
2
q−p23 log

µ±α+Æ(µ±α)2 − β2θ (µ− (∓α+ β)).
The two parts containing L in the last equality cancel each other in the limit for large L and we
are left with
I−med =
∑
±
(±±±)
2
q−p23
− logβ + logµ±α+Æ(µ±α)2 − β2θ (µ− (∓α+ β)) (D.100)
=
∑
±
(±±±)
2
q−p23 log

µ±α+p(µ±α)2 − β2
β

θ (µ− (∓α+ β)). (D.101)
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